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Abstract We perform a general study of the thermodynamic properties of
static electrically charged black hole solutions of nonlinear electrodynamics
minimally coupled to gravitation in three space dimensions. The Lagrangian
densities governing the dynamics of these models in flat space are defined
as arbitrary functions of the gauge field invariants, constrained by some re-
quirements for physical admissibility. The exhaustive classification of these
theories in flat space, in terms of the behaviour of the Lagrangian densities
in vacuum and on the boundary of their domain of definition, defines twelve
families of admissible models. When these models are coupled to gravity, the
flat space classification leads to a complete characterization of the associated
sets of gravitating electrostatic spherically symmetric solutions by their cen-
tral and asymptotic behaviours. We focus on nine of these families, which
support asymptotically Schwarzschild-like black hole configurations, for which
the thermodynamic analysis is possible and pertinent. In this way, the thermo-
dynamic laws are extended to the sets of black hole solutions of these families,
for which the generic behaviours of the relevant state variables are classified
and thoroughly analyzed in terms of the aforementioned boundary properties
of the Lagrangians. Moreover, we find universal scaling laws (which hold and
are the same for all the black hole solutions of models belonging to any of the
nine families) running the thermodynamic variables with the electric charge
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and the horizon radius. These scale transformations form a one-parameter
multiplicative group, leading to universal “renormalization group”-like first-
order differential equations. The beams of characteristics of these equations
generate the full set of black hole states associated to any of these gravitating
nonlinear electrodynamics. Moreover the application of the scaling laws allows
to find a universal finite relation between the thermodynamic variables, which
is seen as a generalized Smarr law. Some particular well known (and also other
new) models are analyzed as illustrative examples of these procedures.
Keywords Black holes · Nonlinear electrodynamics · Thermodynamics
PACS 04.70.Bw, 04.70.Dy, 11.10.Lm
1 Introduction
In General Relativity the theorems on singularities, on the uniqueness of the
black hole solutions of the Einstein vacuum field equations, and the Cosmic
Censorship conjecture [1] lead to the strong belief that the Kerr spacetime
describes accurately the outcome of the gravitational collapse of rotating elec-
trically neutral matter distributions. When such distributions support a non-
vanishing total electric charge, similar arguments, now involving the minimally
coupled Einstein-Maxwell theory, lead to Kerr-Newman black hole configura-
tions as the final state of the collapse [2].
However, there are several arguments justifying the study of other BH
configurations 1, which are solutions of more complex gravitating NEDs, as
possible final states of the gravitational collapse of electrically charged matter.
A first argument comes from the low energy regime of string theory, where
fundamental excitation is gravity. If one accepts the fundamental character
of this theory, then the dynamics of the emerging gauge fields in this regime
is governed by non-minimal effective Lagrangians [3]. In this context some
nonlinear electrodynamics, as the Born-Infeld model [4], are to be seen as
more “fundamental”, in describing the dynamics of the electromagnetic fields,
than the usual Maxwell theory, which is regarded, within this picture, as a
weak field approximation. Besides that, Born-Infeld generalizations of SU(2)
non-Abelian gauge field theory, coupled to tensor-scalar gravity, have been
also used for the description of dark energy in a cosmological context [5].
A second argument concerns the quantum vacuum effects on the electro-
magnetic field, which are neglected in the classical Einstein-Maxwell theory.
Now accepting the fundamental character of the Maxwell theory and its quan-
tum formulation, the corrections of the Dirac vacuum on the dynamics of
electromagnetic fields in flat space can be described, at a phenomenological
1 In order to facilitate the reading, let us give a list of the acronyms used throughout this
paper: NED (≡ nonlinear electrodynamics), G-NED (≡ gravitating-nonlinear electrody-
namics), ADM (≡ Arnowitt-Deser-Misner), BH (≡ black holes), BP (≡ black points), RN
(≡ Reissner-Nordstro¨m), BI (≡ Born-Infeld), EH (≡ Euler-Heisenberg), ESS (≡ electro-
static spherically symmetric), G-ESS (≡ gravitating electrostatic spherically symmetric),
UVD (≡ ultraviolet divergent), IRD (≡ infrared divergent).
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classical level, through nonlinear effective Lagrangians that define NEDs, the
first historical example being the EH Lagrangian [6]. It accounts for the non-
linear effects of the Dirac vacuum on the low energy electromagnetic wave
propagation, calculated to lowest order in the perturbative expansion. When
higher order operators are included in the perturbative calculation we are led
to a sequence of effective Lagrangians which take the form of polynomials
in the field invariants, arranged as an expansion in operators of increasing
dimensions [7]. These effective Lagrangians exhibit finite-energy elementary
solutions in flat space, even though the bare (Maxwell) Lagrangian does not
[8]. When minimally coupled to gravity such Lagrangians describe satisfacto-
rily the vacuum effects in the slowly varying curvature regions [9]. Disregard-
ing the rotational degrees of freedom, which are not essential for the present
considerations, the elementary solutions of any physically admissible NED (a
concept to be defined below) minimally coupled to gravity, are asymptotically
flat, exhibit a curvature singularity at the center and their electrostatic field
strengths are monotonically decreasing functions of the radius [10,11]. Near
the singularity this effective approach fails, and the description of the vacuum
effects would require a consistent quantum treatment of both the electromag-
netic and gravitational fields, which is not available at present. But in moving
away from the singularity the curvature stabilizes very quickly and becomes
slowly varying in the characteristic distances of the vacuum screening. Conse-
quently, the effective approach remains accurate everywhere in the manifold,
excepted in a small region close to the singularity. Therefore, in describing the
collapsed state of non-rotating electrically charged matter, the BH configura-
tions associated to some NEDs (as EH) could be more “realistic” than the
Reissner-Nordstro¨m one.
A general analysis of the gravitational configurations and geometric struc-
tures of the elementary solutions associated to the whole class of admissible
NEDs, minimally coupled to gravity (including some well known models such
as Maxwell, Born-Infeld or Euler-Heisenberg, as particular representative ex-
amples) has been performed in Refs.[10,11]. Nevertheless, the issue of the
thermodynamic properties and laws of the corresponding BH solutions was
not considered in those works. Such a study is the main object of this paper.
The thermodynamic analogies for asymptotically flat BH solutions of the
Einstein equations were established in the early seventies for the cases of the
Kerr-Newman BH and its non-rotating and uncharged limits [12]. The subse-
quent discovery of Hawking’s radiation [13] turned these analogies into actual
laws of the thermodynamics of these configurations. Since then, an important
amount of literature has dealt with this issue in depth. In this way many pa-
pers have analyzed the thermodynamics of the Reissner-Nordstro¨m black hole
(see e.g. [14] and references therein, also [15]). Let us mention some extensions
and developments going beyond the analysis of this solution: i) the validity of
the thermodynamic laws has been established for asymptotically flat BH solu-
tions of several classes of field theories minimally coupled to gravity, including
NEDs supporting asymptotically coulombian elementary solutions [16]. In this
way the thermodynamic analysis has been performed for asymptotically flat
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BH solutions associated to some particular NEDs, as the gravitating BI model
[17] or, more recently, the family of NED models defined through Lagrangian
densities which are constructed as powers of the Maxwell one [18]; ii) this anal-
ysis has been also performed for BH solutions of the gravitating Born-Infeld
NED in asymptotically cosmological backgrounds, as (anti-)de Sitter spaces
in (3 + 1) dimensions [19,20], in higher dimensions [21,22] and in (2 + 1) di-
mensions [23], extending the Hawking-Page results of the uncharged case [24]
and motivated by the AdS/CFT correspondence [25]; iii) several extensions of
these solutions, resulting from the minimal coupling of NEDs to gravitational
dynamics defined beyond the Einstein-Hilbert action, have been considered,
as in the cases of Gauss-Bonnet and Lovelock [26], f(R) [27] or scalar-tensor
theories [28]; iv) statistical computations of the entropy for the extreme and
near extreme five dimensional RN black holes have been performed in the
framework of string theory [29].
However, most of the aforementioned works deal with some particular mod-
els, while a comprehensive study of the thermodynamic properties of BH con-
figurations associated to general gravitating NEDs is possible, but still lacking.
The aim of this paper is to provide such a study, by analyzing the full set of
NEDs minimally coupled to gravitation in (3 + 1) dimensions and defined
by Lagrangian densities which are arbitrary functions of the two field invari-
ants, but restricted by some consistency requirements (such as the positivity
of the energy, the regularity of the Lagrangian and the parity invariance)
leading to what we shall call admissible theories. In Ref.[11] the gravitating
admissible NEDs were classified into two sets, according to the form of the
asymptotic behaviours of their elementary solutions. These solutions, which
are always asymptotically flat, can approach flatness as the Schwarzschild field
(normal case) or slower than it (anomalous case). In the anomalous case some
thermodynamic variables (such as the ADM mass) cannot be defined and
the thermodynamic analysis is not possible, at least in the usual way. Con-
sequently, in the present work we shall deal only with the analysis of the
thermodynamics of asymptotically normal BH solutions supported by the cor-
responding families of G-NEDs.
In section 2 we summarize some results of Ref.[8] regarding the elementary
solutions of NEDs in flat space, which are necessary for the present study. In
particular, we introduce the classification of these theories that, when gener-
alized to the gravitating versions, defines the different families of possible BH
solutions.
In section 3 we briefly describe the geometrical structures characterizing
the BHs associated to each family. This will be necessary in the next section for
a clear understanding of the thermodynamical behaviours. A detailed report
of the contents of this section has been published in Ref.[10].
Section 4 is devoted to the thermodynamical analysis itself. First, we prove
the validity of the expression of the first law for any admissible gravitating
NED supporting asymptotically normal BH solutions. In particular this va-
lidity is established for those models with non Maxwellian weak field limit,
for which the theorems of Ref.[16] do not immediately apply. Next we analyze
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the behaviour of the main thermodynamical variables and specific heats for
the BH configurations associated to the different families. In particular the
study of the thermal properties of the extreme BH configurations suggests the
possible presence of van der Waals-like first-order phase transitions between
these states for models belonging to several families. The results of this anal-
ysis are illustrated with some well known examples (as the RN, EH and BI)
representative of different families, while other examples are specifically built
to exhibit some particular behaviours.
In section 5 we find some universal relations between the thermodynamic
variables of the asymptotically-normal BH states associated to admissible G-
NEDs. First, we obtain a universal expression for the generalized Smarr law,
valid for all such BH solutions. This law reduces to the usual Smarr formula
in the RN case and to the corresponding expressions obtained for the few par-
ticular examples of G-NEDs studied in the literature. Next, we obtain scaling
laws satisfied by the functions relating the thermodynamic variables, which
are universal (i.e. valid for any G-NED). We make a preliminary discussion
on some implications of these laws. In particular, we show the existence of a
one-parameter multiplicative group structure underlying the scaling transfor-
mations and obtain the associated first-order differential equations (“renormal-
ization group”-like equations) relating the derivatives of several state variables
with respect to the charge (Q) and the horizon radius (rh) of the BH solutions.
These equations are the same for any G-NED and the associated character-
istic curves in the corresponding three-dimensional space define the running
of the thermodynamic variables and generate the “equations of state” for the
sets of BH solutions associated to any gravitating NED (defined as surfaces
supported by the bean of characteristics).
Finally, we conclude in section 6 with some comments and perspectives.
2 General results on NEDs in flat space-time
Let us summarize the results concerning the complete characterization and
classification of the whole set of admissible NEDs through the properties of
their ESS solutions [8], which will be necessary for the analysis of the gravitat-
ing problem. The dynamics of these fields in flat four-dimensional space-time
are governed by Lagrangian densities which are single-branched functions
ϕ(X,Y ), (1)
of the two gauge field invariants X = − 12FµνFµν = E2 − H2 and Y =
− 12FµνF ∗µν = 2E ·H, where Fµν = ∂µAν−∂νAµ is the field strength tensor of
the vector potential Aµ, F
∗µν = 12ǫ
µναβFαβ its dual and E and H the electric
and magnetic fields, respectively. For physical consistence of the corresponding
theories these functions must be defined in a open and connected domain of
the X − Y plane, including the vacuum, and be restricted by the conditions
of parity invariance (ϕ(X,Y ) = ϕ(X,−Y )) and positivity of the energy. The
latter condition reads [8]
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ρ ≥
(√
X2 + Y 2 +X
) ∂ϕ
∂X
+ Y
∂ϕ
∂Y
− ϕ(X,Y ) ≥ 0, (2)
with vanishing vacuum energy (ϕ(0, 0) = 0). Moreover, the ESS solutions E(r)
must be single-branched, defined and regular for r > 0. This requires ϕ(X, 0)
to be a strictly monotonically increasing function of X in the range of values
X = E2(r > 0) (∂ϕ/∂X |Y=0 is required to be continuous and strictly positive
there). The above set of requirements define what we have called admissible
NEDs, the only ones that we shall consider here. In addition one can assume
ϕ(X,Y ) to satisfy the condition
∂ϕ
∂X
≥ 2X ∂
2ϕ
∂Y 2
, (3)
(for X = E2(r > 0), Y = 0) which is necessary and sufficient for the linear
stability of the ESS solutions, as shown in Ref.[8].
The Euler field equations associated to the Lagrangians (1) read
∂µ
[
∂ϕ
∂X
Fµν +
∂ϕ
∂Y
F ∗µν
]
= 0, (4)
and the corresponding energy-momentum tensor takes the form
Tµν = 2Fµα
(
∂ϕ
∂X
Fαν +
∂ϕ
∂Y
F ∗αν
)
− ϕηµν . (5)
If we look for ESS solutions of the field equations (E(r) = E(r)r/r, H = 0)
we find the first integral
r2
∂ϕ
∂X
∣∣∣
Y=0
E(r) = Q, (6)
where the integration constant Q is identified with the point-like charge source
of the solution. Once the form of ϕ(X,Y ) is specified Eq.(6) gives in implicit
form the expression of the ESS field E(r,Q) as a function of R = r/
√
|Q|, in
such a way that it scales as
|E(r,Q)| = |E(R,Q = 1)|. (7)
As we shall see below, this scaling law induces similar laws in the different
thermodynamic functions describing the systems of BH solutions of any grav-
itating NED. We shall call “characteristic” the Q = 1 configurations, from
which the whole thermodynamic structure of the set of BH solutions associ-
ated to a given G-NED is determined through these scaling transformations
(see sections 4 and 5 below).
The positivity of the derivative of the Lagrangian function in Eq.(6) allows
to restrict the analysis to the case (E > 0, Q > 0) without loss of generality.
Assuming behaviours for the ESS solutions around the center and asymptoti-
cally of the form
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E(r → 0, Q) ∼ ν1(Q)rp ; E(r →∞, Q) ∼ ν2(Q)rq , (8)
the admissibility conditions restrict the values of the exponents to p ≤ 0 and
q < 0. At the center the fields diverge for p < 0 and behave as
E(r → 0) ∼ a− b(Q)rσ, (9)
for p = 0. In the latter case the parameter a (the maximum field strength)
and the exponent σ > 0 are universal constants for a given model, whereas
the coefficient b(Q) is related to the charge of each particular solution as
b(Q)Qσ/2 = lim
X→a2
(a−
√
X)
[
a
∂ϕ
∂X
]σ/2
= b0, (10)
b0 = b(Q = 1) being also a universal constant of the model. Asymptotically
E(r →∞) vanishes for the ESS solutions of any admissible model.
The corresponding behaviours of the Lagrangian densities around these
values of the fields (X = E2(r)) are given by the expression
ϕ(X,Y = 0) ∼ αiXγi, (11)
where αi, (i = 1, 2) are positive constants which are related with the coeffi-
cients in Eq.(8). For X →∞ (and p < 0) we have
ν1(Q) =
(
γ1α1
Q
)p/2
; γ1 =
p− 2
2p
, (12)
whereas for X → 0 we have
ν2(Q) =
(
γ2α2
Q
)q/2
; γ2 =
q − 2
2q
. (13)
In both cases γi > 1/2. If p = 0 the Lagrangian densities behave around the
center (X = E2(r = 0) = a2, Y = 0) as
ϕ(X,Y = 0) ∼ 2σb
2/σ
0
2− σ (a−
√
X)
σ−2
σ +∆, (14)
if σ 6= 2. If σ = 2 this behaviour becomes
ϕ(X,Y = 0) ∼ −b0 ln(a−
√
X) +∆. (15)
In these equations ∆ = ϕ(a2, Y = 0) < ∞ if σ > 2, and it is a universal
constant of the model. If σ ≤ 2 the value of ∆ can be calculated from the
explicit expression of the Lagrangian density (see Eqs.(81) and (82) below).
Consequently, for σ ≤ 2 the Lagrangians exhibit a vertical asymptote at X =
a2. For σ > 2 they take finite values there, with divergent slope (the Born-
Infeld model [4] belongs to this case with σ = 4).
Equation (5) leads to the expression
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ρ = T 00 = 2
∂ϕ
∂X
∣∣∣
Y=0
E2(r,Q)− ϕ(X,Y ) = 2QE − r
2ϕ
r2
(16)
for the energy density distribution of the ESS solutions. As easily seen, the
spatial integrals of these functions around the center of the ESS solutions
converge if −1 < p ≤ 0 and diverge if p ≤ −1. This allows a classification of
the admissible NEDs in terms of the central behaviour of their ESS solutions,
leading to three families. We have called A1 the first family, corresponding
to the range of values −1 < p < 0, for which the ESS solutions diverge
as r → 0, but the integrals of energy converge there. For these models the
Lagrangian functions behave, when X → ∞, as in Eq.(11) with γ > 3/2.
We have called A2 the second family, for which p = 0, corresponding to the
NEDs supporting ESS solutions which are finite at the center. Obviously, the
integrals of energy converge there for these solutions (see Eqs.(14)-(16)). The
third family corresponds to p ≤ −1 and supports ESS solutions diverging at
the center and whose integrals of energy diverge also there (we have called
these models UVD, acronym for ultraviolet divergent). When the integral of
energy is convergent at the center (cases A1 and A2) the “internal energy
function”
εin(r,Q) = 4π
∫ r
0
R2ρ(R,Q)dR, (17)
giving the energy of the ESS field of a point-like charge Q inside a sphere of
radius r, is well defined.
The asymptotic behaviour of the ESS solutions allows for a second classi-
fication of the admissible NEDs. For large r the integrals of energy converge
asymptotically if q < −1 and diverge if −1 ≤ q < 0. Thus we have defined four
classes of models differing by this behaviour: B1 models (when −2 < q < −1)
whose ESS solutions are asymptotically damped slower than the Coulomb
field and the integrals of energy converge asymptotically; B2 models (when
q = −2) whose ESS solutions behave asymptotically as the Coulomb field;
B3 models (when q < −2) whose ESS solutions vanish asymptotically faster
than the Coulomb field; IRD models (acronym for infrared divergent) when
−1 ≤ q < 0, whose ESS solutions are asymptotically damped slower than
the Coulomb field and their integrals of energy diverge asymptotically. When
the integral of energy converges asymptotically (cases B1, B2 and B3) the
“external energy function”
εex(r,Q) = 4π
∫
∞
r
R2ρ(R,Q)dR, (18)
giving the energy of the field outside the sphere of radius r, is well defined.
The combination of these central and asymptotic behaviours allows for
the exhaustive classification of the admissible NEDs in twelve classes. Six of
them (combinations of A1 and A2 with B1, B2 and B3 behaviours) support
finite-energy ESS solutions, which are to be interpreted as non-topological
solitons if the necessary and sufficient stability condition (3) is fulfilled by
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the corresponding Lagrangian densities in the domain of definition of these
solutions [8]. For these six families the convergence of the integral of energy in
the whole space leads to the relations
ε(Q) = εin(∞, Q) = εex(0, Q) = εin(r,Q) + εex(r,Q) (19)
for the energy functions associated to the ESS solutions of charge Q. Using
Eqs.(6) and (16) it can be easily seen that these energies, when they are well
defined, scale as
ε(Q) = Q3/2ε(Q = 1);
εin(r,Q) = Q
3/2εin
(
r√
Q
,Q = 1
)
; (20)
εex(r,Q) = Q
3/2εex
(
r√
Q
,Q = 1
)
,
where the total energy of the characteristic configuration ε(Q = 1) is a uni-
versal constant for a given model. By using the last expression of ̺ in Eq.(16)
for the calculation of (18) as r → 0, after some partial integrations and taking
account the first integral (6), as well as the central and asymptotic behaviours
of the fields in these finite-energy cases, we are led to the useful expression
ε(Q) =
16πQ
3
∫
∞
0
E(R,Q)dR, (21)
relating the total energy of the soliton with the integral of the field.
The ESS solutions of the remaining six cases (combinations including
UVD, IRD or both behaviours) are energy divergent. When coupled to grav-
ity all the models of the twelve families lead to consistent gravitating field
theories. However, we shall see that the families involving the IRD behaviour
fail to allow for a thermodynamic analysis in the usual way.
In figure 1 we have plotted the profiles of the Lagrangian density functions
of the admissible NEDs (for Y = 0) around the vacuum and on the boundary
of their domain of definition.
3 General results on gravitating NEDs
The full set of admissible NEDs minimally coupled to gravity, and the struc-
ture of their G-ESS solutions have been classified and extensively analyzed
in Refs.[10,11]. However, as mentioned in section 1, this analysis concerned
mainly the geometric structure of these solutions and excluded the study of
their thermodynamic properties. Before tackling this thermodynamic problem
let us summarize some pertinent results of these references.
As usual, the action corresponding to the minimal coupling of gravity and
any NED reads
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X
jHX,Y=0L
B1H1<Γ<32L
B2HΓ=1L
B3H12<Γ<1L
IRDHΓ³32L
UVD
a
2
A1
A2HΣ>2L
HΣ£2LA2
Γ=1
12<Γ<1
1<Γ£32
HΓ>32L
0
Fig. 1 Qualitative behaviour of the admissible Lagrangian densities ϕ(X, Y = 0) i) for small
ESS fields (E2 = X ∼ 0, corresponding to the B and IRD asymptotic behaviours of the ESS
solutions), ii) for large ESS fields (E2 = X →∞, corresponding to theA1 andUVD central-
field behaviours) and iii) for finite maximum field-strength models (X = E2max = a
2),
corresponding to the A2 central-field behaviour. The Lagrangian densities behave as Xγ2
around X = 0 (in the B and IRD cases) and as Xγ1 around X →∞ (in the A1 and UVD
cases) where the γi constants are related to the central and asymptotic behaviours of the ESS
solutions through Eqs.(12) and (13) respectively. In the A2 cases the Lagrangian density
exhibits a vertical asymptote at X = a2 (if σ ≤ 2) or takes a finite value with divergent slope
there (if σ > 2). In the intermediate range of X values, matching the central and asymptotic
regions, ϕ(X, Y = 0) must be strictly monotonically increasing, for admissibility.
S = SG + SNED =
∫
d4x
√−g
[
R
16πG
− ϕ(X,Y )
]
, (22)
g and R being the metric determinant and the curvature scalar, respectively.
The associated Einstein equations for the G-ESS solutions can be written in
an adapted Schwarzschild-like coordinate system, with an interval of the form
ds2 = g(r)dt2 − dr
2
g(r)
− r2dΩ2, (23)
where dΩ2 = dθ2+sin2(θ)dψ2 is the angular metric and g00 = g(r) is the only
metric function to be determined. The simplicity of the form of this interval
is a consequence of the Einstein equations together with the equality of the
mixed components of the energy-momentum tensor, T 00 = T
1
1 , which remains
the same as in flat space in spherical coordinates. These equations reduce to
d
dr
(rg(r) − r) = −8πr2T 00 = −8πr2
(
2
∂ϕ
∂X
E2 − ϕ
)
d2
dr2
(rg(r)) = −16πrT 22 = 16πrϕ, (24)
Thermodynamic analysis of black hole solutions in gravitating nonlinear... 11
whose compatibility can be easily established. The general solution of this
system reads
g(r,Q,C) = 1 +
2C
r
− 8π
r
∫
r2T 00 (r,Q)dr, (25)
where C is an arbitrary integration constant. The characterization and classi-
fication of the admissible NEDs in flat space, summarized in section 2, allows
for the complete characterization and classification of the corresponding G-
NEDs. The asymptotic behaviour of the metric function is dominated by the
behaviour at large r of the ESS solutions in flat space and is independent of
their properties at finite r. Indeed, when the asymptotic behaviour of the ESS
solutions in flat space belongs to the cases B1, B2 or B3 the metric function
can be written as
g(r,Q,M) = 1− 2M
r
+
2εex(r,Q)
r
, (26)
where εex(r,Q) is the external energy function, defined by (18), and the con-
stant M is identified as the ADM mass. Owing to the asymptotic behaviour
of the external energy function in these cases (∼ rq+1, q < −1), the last term
in (26) can be neglected at large r and the metric function behaves asymp-
totically as the Schwarzschild one [10]. The combinations of these asymptotic
B-cases with the central-field A1 and A2 cases, which support finite-energy
ESS solutions in flat space, admit an alternative expression for the metric
function in terms of the internal energy function, which reads
g(r,Q,M) = 1− 2U
r
− 2εin(r,Q)
r
, (27)
where the constant U is now related to the gravitational mass and the elec-
trostatic soliton energy in flat space through
U = M − ε(Q). (28)
This constant may be roughly interpreted as the gravitational binding en-
ergy of the configuration plus the proper energy of the point-like source (see,
however, the discussion about this kind of interpretations and the associated
difficulties in Ref.[30] and the pertinent references therein). In reference [10]
we have called “critical” the configurations with U = 0. As we shall see in the
next section, in the finite field amplitude cases (A2) with the particular value
of the charge
Qc =
1
16πa
, (29)
the critical configurations correspond to extreme black points [31], which ex-
hibit a rich and peculiar thermodynamical behaviour. With Q < Qc they
correspond to non-extreme BPs. In A2 cases with Q > Qc (or for A1 cases
with any Q), the U = 0 configurations correspond to BH with an external
event horizon and a vanishing-radius Cauchy inner horizon.
12 J. Diaz-Alonso, D. Rubiera-Garcia
B1, B2, B3 IRD
FEFS DEFS
A1 AS AA
NS, EBH, 2hBH, 1hBH NS, EBH, 2hBH, 1hBH
FEFS DEFS
A2 AS AA
NS, EBH, 2hBH,1hBH, NS, EBH, 2hBH, 1hBH,
BP, EBP BP, EBP
DEFS DEFS
UVD AS AA
NS, EBH, 2hBH NS, EBH, 2hBH
Table 1 Possible geometric structures of the G-ESS solutions associated to the different
families of admissible NEDs obtained from the combinations of asymptotic behaviours B1,
B2, B3 and IRD with the central-field behaviours A1, A2 and UVD. Labels: FEFS(≡
finite-energy flat-space solutions), DEFS(≡ divergent-energy flat space solutions), AS(≡
asymptotically Schwarzschild), AA(≡ asymptotically anomalous), NS(≡ naked singulari-
ties), EBH(≡ extreme black hole), 1hBH(≡ single-horizon black holes), 2hBH(≡ two-
horizons black holes), BP(≡ black points), EBP(≡ extreme black points).
For models belonging asymptotically to B-cases and with UVD central-
field behaviour (e.g. Maxwell Lagrangian) the electrostatic energy diverges and
only the expression (26) for the metric function remains valid. For NEDs with
IRD solutions in flat space the G-ESS solutions are asymptotically flat, but
not Schwarzschild-like (asymptotically anomalous behaviour) and the ADM
mass cannot be defined [11]. In these cases the metric function takes the form
(27) if the central-field behaviour belongs to cases A1 or A2 (but now the
interpretation (28) of the constant U makes no sense). For the families with
UVD-IRD behaviour, only the expression (25) describes properly the form
of the metrics, which are thermodynamically meaningless.
At finite r the geometric structure of the G-ESS solutions is characterized
by the central behaviour of the electric field in flat space. The event horizons
(if any) are located on the largest solution of the equation g(r) = 0. For models
with UVD central-behaviour solutions the metrics exhibit a structure similar
to that of the Reissner-Nordstro¨m solution (naked singularities, extreme black
holes or two-horizons black holes). If the central behaviour belongs to cases
A1 or A2 we have, in addition, new kinds of solutions: non-extreme single-
horizon black holes (for families A1 and A2) and extreme and non-extreme
black points (for families A2) [10].
All the G-ESS solutions of the Einstein equations minimally coupled to
admissible NEDs must belong to one of the twelve classes obtained as combi-
nations of these asymptotic and central-field behaviours. Consequently, these
results, which are summarized in table 1, characterize qualitatively the possible
geometric structures of the G-ESS solutions of all admissible G-NEDs.
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4 Thermodynamic analysis
Let us consider now the thermodynamic properties of the G-ESS black hole
solutions of the admissible NEDs. In Ref.[16] D. A. Rasheed established the
validity of the zeroth and first laws of black hole thermodynamics for BH so-
lutions of large classes of field theories minimally coupled to gravity, including
the stationary solutions of G-NEDs with Maxwellian weak field limit. In the
present context the rotational degrees of freedom are absent and the Rasheed
proof is restricted to the non-rotating ESS black hole solutions, correspond-
ing to our asymptotically coulombian cases B2. As we shall see, it is easy to
extend the validity of this first law for non-rotating solutions including the
cases B1 and B3 (the zeroth law is trivially satisfied for the ESS black hole
solutions). However, as already mentioned, in the asymptotically IRD cases,
for which the ADM mass is not defined and (as we shall see) the electrostatic
potential diverges at infinity, the thermodynamic relations cannot be estab-
lished, at least in the usual way. Consequently, the following considerations
concern the B cases only.
The set of G-ESS (non-rotating) black hole solutions associated to a given
G-NED can be assimilated to “states” of a system characterized by two inde-
pendent parameters, the most immediate ones being the integration constants:
the mass M , well defined for asymptotically-B NEDs, and the charge Q. The
location of the black hole event horizons is the largest solution rh(M,Q) of
the equation
M =
rh
2
+ εex(rh, Q), (30)
obtained from the condition g(rh, Q,M) = 0 on Eq.(26). Owing to the ad-
missibility requirements, εex(r,Q) is a monotonically decreasing and concave
function of r at constant Q, vanishing asymptotically as rq+1 with q < −1 in
the B cases [8],[10]. It exhibits a vertical asymptote at r = 0 in case UVD or
takes, in cases A1 and A2, a finite value there (= Q3/2ε(Q = 1); see Eq.(20))
with divergent slope in case A1. In case A2 we distinguish three qualitatively
different subcases, according to the values of the charge: case A2a if Q > Qc,
case A2b if Q < Qc and case A2c when Q = Qc. The geometrical structures
associated to these three subcases have been extensively discussed in Ref.[10].
The behaviour of M as a function of rh for several representative values of Q,
obtained from Eq.(30), is plotted in the figures 2 and 3 for the A2 and A1-
UVD cases, respectively. The locations of the minima of these curves (when
present) correspond to the horizon radii (rhe) and masses (Me) of extreme
black holes, determined by equation (30) and the extremum condition
∂M
∂rh
∣∣∣
Q
=
1
2
− 4πr2hT 00 (rh, Q) = 0. (31)
The cut points between the constant-mass horizontal lines and the positive-
slope branches of the curves of constant charge, define the event horizon radii
and the masses of the different black hole configurations. For a fixed Q, if M
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Fig. 2 M − rh diagram for the BH solutions of G-NEDs belonging to A2 families for
several values of Q. There are three subcases, corresponding to Q T Qc = (16pia)−1 . In case
A2a the curves exhibit minima, corresponding to the EBH configurations. The dotted line
linking these configurations, together with the short-dashed straight line of Schwarzschild
BHs (Q = 0), define the thermodynamically pertinent domain, corresponding to the external
BH regions. The domain over the former curve corresponds to the BH interiors, where the
dashed pieces of the constant-Q lines give the M − rh relations for the inner horizons. The
continuous pieces of the constant-Q lines correspond to the outer (event) horizons, for which
M is always a monotonically increasing function of rh for the BH solutions of any admissible
model. When Q→ Qc (case A2c) the EBH configurations converge towards a extreme BP,
unique for a given A2 NED. In the A2b case, for fixed Q < Qc, we can have single-horizon
BHs (with M > ε1) and non-extreme BPs (with M = ε1). This plot has been obtained from
the BI model, as representative of the behaviour of the BHs belonging to the A2 families
(with σ > 2 in this case).
lies under the corresponding curve, there are no horizons and the solutions
are naked singularities. Otherwise, besides extreme BHs, we have two-horizon
(Cauchy and event) BHs, single horizon BHs (in cases A1 and A2) and ex-
treme (in case A2c) and non-extreme (in case A2b) black points. Moreover,
since the radii of the external (event) horizons of the possible black hole con-
figurations lie always on the positive-slope region of the constant-Q curves,
the mass-radius relation at fixed Q is a monotonically increasing function
for all the black hole solutions of the admissible G-NEDs. It approaches the
Schwarzschild relation M = rh/2 at large rh, as well as at vanishing Q.
Let us define other important “state functions” and establish the validity
of the first law for the ESS black hole solutions associated to the set of all
admissible NEDs of asymptotic types B.
From its general definition [32] the surface gravity (κ) for these charged
BHs takes the form
κ(rh, Q) =
1
2
∂g(r,Q)
∂r
∣∣∣
r=rh
=
1− 8πr2hT 00 (rh, Q)
2rh
, (32)
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Fig. 3 M − rh curves at constant Q for the A1 (main frame) and UVD (small frame)
families. The solid, dashed and dotted lines have the same meaning as in Fig.2. The curves
exhibit vertical asymptote at rh = 0 in the UVD cases and are finite there, but with diver-
gent slope, in the A1 cases. For the UVD and A1 cases we are plotting the behaviour of the
BH solutions associated to the gravitating RN and EH models, respectively, as representative
examples.
where Eqs.(16), (18) and (26) have been used. If we look now for the total
differential of the “energy” M as a function of rh and Q in Eq.(30), and using
again Eqs.(16) and (18) we obtain for the partial derivatives the expressions
∂M
∂rh
∣∣∣
Q
=
1− 8πr2hT 00 (rh, Q)
2
= κrh, (33)
and
∂M
∂Q
∣∣∣
rh
=
∂εex
∂Q
∣∣∣
rh
= 8π
∫
∞
rh
E(R,Q)dR = 8πA0(rh, Q), (34)
whereA0(rh, Q) is the covariant time-like component (in the coordinate system
(23)) of the four-vector potential in the appropriate gauge, which is fixed
through the conditions
E(r,Q) = − d
dr
A0(r,Q) ; A0(∞, Q) = 0. (35)
Thus, the total differential of M reads
dM = κ(rh, Q)rhdrh + 8πA0(rh, Q)dQ. (36)
With the usual definitions of the “temperature” T and the “entropy” S in
terms of the surface gravity κ and the horizon area A, given by
T =
κ
2π
=
1− 8πr2hT 00
4πrh
; S =
A
4
= πr2h, (37)
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together with the usual notation
8πA0(r,Q) = Φ(r,Q) (38)
for the electric potential, the differential expression (36) takes the more familiar
form
dM = T (rh, Q)dS + Φ(rh, Q)dQ =
= T (S,Q)dS + Φ(S,Q)dQ. (39)
This is the expression of the first law, which holds for the black hole solutions
of any G-NED of the nine families defined by the combinations of the three B-
asymptotic behaviours and the three central-field behaviours UVD, A1 and
A2.
4.1 The extreme black holes
Let us now analyze the important case of the extreme BHs. From Eq.(31) and
the first of (37) it is obvious that the temperature of these objects vanish.
The condition (31) does not involve the mass and then, defines the radius of
the extreme BH configurations as a function of the charge (rhe(Q)), which is
monotonically increasing. Indeed, the general expression of the derivative of
this function can be obtained from (31) and the first integral (6) in terms of
the values of the field on the extreme-BH horizon. It reads
drhe
dQ
=
Ee
rheϕ(E2e )
, (40)
and is always positive for admissible models (for Q > 0 solutions). The explicit
form of rhe(Q) which, as we shall see at once, determines the whole thermo-
dynamic behaviour of the subclass of extreme BHs, depends on the particular
model and can be directly obtained from Eqs.(6), (16) and (31), once the form
of the Lagrangian is specified. Alternatively, it can be obtained by integrat-
ing Eq.(40) with the appropriate boundary conditions. In fact this integration
can be formally performed using the scale properties (7) leading, after some
manipulations, to the general expression
Q = Q0 exp[−Ω(Rhe)] ; (Rhe = rhe√
Q
) (41)
where the function Ω is defined by the integral
Ω(x) = 2
∫ x
x0
zdz[
z2 − 2E(z,1)ϕ(E2(z,1))
] , (42)
Q0 and x0 being related integration constants. For the Einstein-Maxwell theory
this relation reduces to the simple and well known expression for Reissner-
Nordstro¨m extreme BHs. But for general NEDs it can become largely involved.
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Nevertheless, the rhe − Q relation for small and large radii is typical of each
family. In both limits it can be determined by replacing the expression (11)
(with i = 1, 2) in (31) and using the central or large-r behaviours of the field
(E(r → 0) ∼ rp; E(r → ∞) ∼ rq). This calculation leads to relations of the
generic form
rhe ∼ λiQγi, (43)
where γi, (i = 1, 2) are the exponents defined in Eqs.(12) or (13) and the λi
are given by
λi =
√
[8π(2γi − 1)](2γi−1)
αiγ
2γi
i
, (44)
the αi being the coefficients in Eq.(11).
In the A2 cases the small-radius extreme BHs are present for charges
slightly over the critical one (Q & Qc, see Fig.2) and the charge-radius relation
in this region can be obtained by a similar procedure from Eqs.(9) and (31),
leading to
rhe ∼
[
(2− σ)a
2b0
(Q −Qc)
Q(1−σ/2)
]1/σ
, (45)
if σ < 2,
rhe ∼
√
2a
ϕ(a2)
(Q−Qc), (46)
if σ > 2 and
r2he ln(rhe) ∼
a
b0
(Qc −Q), (47)
when σ = 2. Once this rhe − Q relation is obtained, Eq.(30) gives the mass
of the extreme BHs as a function of their radius or their charge. The same
will arise for the other state functions defined so far, fully determining the
thermodynamic properties of the set of extreme BH configurations associated
to any admissible NED. The lines of extreme BHs in the corresponding state
diagrams are the T = 0 isotherms which, as we shall see at once, define basic
boundaries separating different phases in these diagrams and allow for the
search of first-order phase transitions.
4.2 The state variables and phase diagrams
As already mentioned, the elementary solutions of a given gravitating NED are
characterized by two “state” parameters and it is possible to divide the plane
of these parameters into separate regions corresponding to different phases of
the set of solutions. The most immediate choice for this characterization is the
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pair of integration constantsM −Q. It is possible to determine the qualitative
form of the phase diagram for the different families of G-NEDs in terms of
these parameters. To this end, let us analyze the behaviour ofM as a function
of the charge at fixed rh, which can be obtained from the scaling law
2
M(rh, Q) =
(1−Q)√Q
2
Rh +Q
3/2M(Rh, Q = 1) (48)
(Rh = rh/
√
Q) obtained from (30) and the last of Eqs.(20). This function
is plotted in figure 4 for the cases A1-A2 (main frame) and UVD (small
frame). The gravitating BI and RN models, respectively have been taken as
representative examples for this figure, but the phase diagrams for the models
belonging to the corresponding families are qualitatively similar. The curves
representing the extreme BH states are also displayed on both frames of this
figure. They are the envelopes of the beams of constant rh curves (see Eq.(31))
and begins tangent to the rh = 0 curve at Q = Qc in case A2. In case A1
the corresponding curve is obtained by moving this tangency point to the
origin (Qc → 0, in the limit of large maximum field strength, a → ∞). In
cases A1 and A2, the region over the rh = 0 curve contains the single-horizon
BH states, the region between this curve and the extreme BH curve contains
the two-horizon BH states and the region under these curves and over the Q
axis corresponds to naked singularity configurations. Similar comments can
be done for the UVD case (small frame), where the beam of constant-radius
curves approach the M axis as rh → 0.
As a function of rh at fixed Q the behaviour of the mass has been already
discussed at the beginning of this section and plotted in Figs. 2 and 3.
Phase diagrams involving other state variables can be obtained by similar
methods. Let us consider the case of the field on the horizon E(rh, Q). As
a function of rh, at constant Q, its form is obtained from the first integral
(6). The behaviour of this function around rh = 0 and as rh → ∞ has been
completely determined in section 2 for the elementary solutions of all classes of
admissible NEDs and is plotted qualitatively in figure 5. It should be stressed
that the only requirement to be satisfied by the field as function of r at constant
Q, in all admissible cases, is to be monotonically decreasing, but its second
derivative can change sign many times at finite r, leading to less smooth lines
than the dashed ones plotted in this figure (for an example, see the upper
small frame in figure 12 below). In determining the behaviour of E(rh, Q) as
a function of Q at fixed rh we can use the scaling law (7), which leads to the
condition
∂E
∂Q
∣∣∣
rh
= −Rh
2Q
dE(Rh, Q = 1)
dRh
> 0, (49)
2 The following discussion on the relations between the different state variables (“equa-
tions of state”) results from a (sometimes involved, but straightforward anyhow) analysis of
their scale properties, their central and asymptotic behaviours and the admissibility condi-
tions.
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Fig. 4 Behaviour of M as a function of Q at fixed rh for the A2 cases (main frame)
represented here by the BI model and UVD cases (small frame) represented by the RN
black hole. Some constant-rh curves are shown and are split (excepting for the rh = 0 one)
into a continuous part, corresponding to the event horizons, and a dashed part, corresponding
to the inner horizons. The EBH configurations are the envelopes of the beam of constant rh
curves. The rh = 0 curve in the A2 cases (corresponding to M = ε(Q) = Q
3/2ε(Q = 1))
defines the non-extreme BPs for charges below Qc and the EBP configuration for Q = Qc.
For Q > Qc this curve splits the regions associated to the single horizon and two-horizons
BH configurations. The diagram corresponding to the A1 cases is similar but with vanishing
critical charge (Qc = 0). The analysis of the diagram in the small frame (UVD cases) is
similar, but now the rh → 0 curves approach the Q = 0 axis (which corresponds to the
Schwarzschild BH limit) and the charged single-horizon BH configurations are absent.
(Rh = rh/
√
Q) and we see that E, at constant rh, is an increasing function
of Q. Equations (7) and (49) allow to perform a complete analysis of the
behaviour of E around the limit Q = 0 (Rh → ∞) and as Q → ∞ (Rh → 0)
for the different families of NEDs considered here. This behaviour is plotted
in figure 6.
For the extreme BHs we can obtain easily the behaviours of the field on the
horizon at small and large Q by replacing the rhe −Q dependencies obtained
for the different families. The large Q behaviours and the small Q behaviours
in the cases UVD and A1 are obtained from Eq.(43) and have the same form,
which reads
Ee(Q) ∼ γiQ
−1
(8π)(2γi−1)(2γi − 1) , (50)
as Q → 0 (i = 1) and as Q → ∞ (i = 2). In the same way, for the A2 cases
the behaviour of Ee(Q) for small-radius extreme BHs (Q → Qc) is straight-
forwardly obtained from equations (44)-(47) in models with different values of
σ. For example, for σ > 2 we have
Ee(Q) ∼ a− b0
[
2a
ϕ(a2)
]σ/2 [
Q−Qc
Q
]σ/2
, (51)
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Fig. 5 Qualitative behaviour of E(rh, Q) as a function of rh at fixed Q (main frame). At
the center, in cases UVD and A1 the field diverges, while it takes a finite value in case
A2. In this latter case the slope of E(r,Q) at vanishing rh depends on the value of σ (see
Eq.(9)). The small frame exhibits the corresponding behaviours of the potential Φ(rh, Q).
The dashed pieces of the lines, matching the central and asymptotic field behaviours, are
always monotonically decreasing but can exhibit more involved forms than those showed
here for many models (see the upper small frame in Fig.12 below). The thermodynamically
pertinent parts of these curves start at the EBH radii rhe(Q), obtained by solving Eq.(31)
for the corresponding value of Q.
as Q→ Qc.
Another important phase diagram can be obtained from the external en-
ergy function εex(rh, Q). As a function of rh, for fixedQ, it has been extensively
discussed and employed in Ref.[10] for the characterization of the different fam-
ilies. Its typical qualitative behaviour is plotted in figure 7 for all cases. The
dependence of εex on Q at constant rh can be determined from the scaling law
(20) and Eq.(34). This leads to the curves plotted in figure 8, corresponding
to the cases A1-A2 and UVD (small frame). The representative region for
the event horizons of the BH configurations in the A2 cases is bounded by
above by the line of extreme BH configurations and the line rh = 0, which
intersect in a point with Q = Qc, corresponding to the extreme black point
configuration A2c. In case A1 the line of extreme BHs lies always under the
line rh = 0 and defines the upper boundary of the BH region. This A1 case is
obtained from the main frame of Fig.8 in the limit of divergent maximum-field
strength (a → ∞ or Qc = 0). For the UVD case (in the small frame) this
boundary is also given by the line of extreme BHs. The Q axis, corresponding
to rh →∞, is the lower boundary of this thermodynamically pertinent region.
4.3 The potential Φ(rh, Q) and van der Waals-like transitions.
As seen from the first law (39) the electrostatic potential is the conjugate state
variable of the charge. Consequently the search for van der Waals-like phase
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Fig. 6 Qualitative behaviour of E(rh, Q) as a function of Q at constant rh, obtained from
the scaling law (7) for the A2-B cases (left panel) and the A1-B and UVD-B cases. At
small Q the field vanishes with three different slopes, corresponding to the three possible
large-r behaviours. For large Q, in the UVD and A1 cases (right panel) the field diverges
as Q→∞, and exhibits different slopes depending on the degree of divergence at r = 0 (p is
the exponent in the first of Eqs.(8)). In the A2 cases (left panel) E is limited from above at a
fixed value (Emax = a) reached at rh = 0 for any Q. For 0 < Q < Qc the dashed-dotted line
E = a corresponds to the set of non-extreme BPs. For Q > Qc the curve of EBHs is plotted
here for A2 cases with σ ≥ 3. These curves define the upper boundary (dashed-dotted)
of the thermodynamically pertinent region. For the A1 and UVD cases this boundary is
given by the corresponding curve of EBHs (dashed-dotted also). The points and branches
over these boundaries correspond to the inner horizons. The matching between the small
and large Q parts of a constant-rh curve depends on the particular model, but is always
monotonically increasing. The dashed piece of the straight line in the right panel represent
this matching for the Maxwell (RN) case. The dashed piece of the curve in the left panel
corresponds to the similar matching for a particular A2-B3 model.
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A1
UVD
Fig. 7 Qualitative behaviour of εex(r, Q) as a function of rh at constant Q for the A1,
A2 and UVD cases (in units of the total energy ε(Q) in the A1 and A2 cases). The three
A2 curves correspond to three values of the charge: Q > Qc (cases A2a), Q < Qc (cases
A2b) and Q = Qc (case A2c). The cut points of the (dashed) straight lines defined by
y = 1− rh/(2ε(Q)) with the A2 curves give the location of the horizons (see Eq.(30)).
transitions can be performed by analyzing the isotherms in the Φ −Q plane,
in particular the set of extreme BHs which define the T = 0 isotherm. In this
way we need the expression of Φ as a function of rh and Q, which can be
easily obtained from that of E(rh, Q) through the relations (35). It is plotted
at constant Q in the small frame of figure 5. In looking for the behaviour of Φ
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Fig. 8 Behaviour of εex(rh, Q) as a function of Q at constant rh for the A2 (main frame)
and UVD (small frame) cases. The sets of EBH configurations are drawn in both cases.
The beams of parabolic-like curves correspond to different constant values of rh. The points
of the region under the composite curve rh = 0 and EBH in the case A2, and under the
EBH curve in the UVD case correspond to the exterior of the BH configurations, whereas
the points of the regions over these curves are associated to the BH interiors, playing no role
in the thermodynamical analysis. The typical behaviours in the A1 cases can be obtained
from those of the main frame figure by allowing the cut point of the rh = 0 and EBH curves
to go to the origin, i.e. by making Qc → 0. In obtaining these curves we have used the BI
and the RN models as representatives of the A2 and UVD cases, respectively.
as a function of Q at constant rh we first obtain its scaling law from Eqs.(7)
and (35), which reads
Φ(rh, Q) =
√
QΦ(Rh, Q = 1), (52)
(Rh = rh/
√
Q) and shows that Φ is a homogeneous function of rh and
√
Q of
degree one. From this law we obtain the Q-derivative of Φ as
∂Φ
∂Q
∣∣∣
rh
=
Φ(rh, Q) + 8πrhE(rh, Q)
2Q
> 0, (53)
which shows that Φ is a monotonically increasing function of Q at constant rh.
The form of this derivative and of the scaling law allows straightforwardly for
a complete discussion of the behaviour of the potential at small and large Q for
constant rh. This behaviour is displayed in figure 9 for the different families. In
theA2 case, for Q < Qc, the curve rh = 0 corresponds to the non-extreme BPs
and defines a part of the upper boundary of the thermodynamically pertinent
region. The Q = Qc point of this curve defines the extreme BP. For large
values of Q the potential at constant rh behaves as
Φ(rh, Q→∞) ∼
√
QΦ(rh = 0, Q = 1)− 8πarh (54)
in the A2 cases. In the A1 cases we have
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Φ(rh, Q→∞) ∼
√
QΦ(rh = 0, Q = 1) (55)
whereas in the UVD cases we have
Φ(rh, Q→∞) ∼ −8πν1(1)r
p+1
h
p+ 1
Q−p/2, (56)
(p ≤ −1). At small Q the behaviour of the constant rh curves is dominated
by the large-r behaviour of the electrostatic field, and reads
Φ(rh, Q→ 0) ∼ −8πν2(1)r
q+1
h
q + 1
Q−q/2, (57)
where −1 > q > −2 (B1), q = −2 (B2) and q < −2 (B3).
For Q > Qc the thermodynamically pertinent region lies under the curve
of extreme BHs, which is defined by eliminating rhe between equation (31)
and the expression of Φ(rh, Q). The shape of this curve, which begins on the
extreme BP (Q = Qc) in the cases A2, and at Q = 0 in cases A1 and UVD,
depends of the particular model, but its behaviour around these points and
also for large values of Q is universal for every family. It can be determined
explicitly from equations (43) to (47) and the corresponding expansions of
Φ(r,Q) around r → 0 or r →∞, obtained from the integration of Eqs.(8) and
(9). For large values of Q these equations lead to
Φe(Q→∞) ∼ µ2Q−
q+2
2q , (58)
where the positive coefficient is
µ2 = − 2− q
4(1 + q)
√
α2γ2
(
2− q
32π
) 1
q
(59)
(q < −1). We see that the potentials on the horizon for large-Q extreme BH
configurations diverge slower than
√
Q in the B1 cases, approach a constant
value
√
8π/α2 (the same in all the asymptotically coulombian (B2) cases if
the normalizing α2 constants of the Lagrangians in Eq.(11) are fixed to the
same value) and vanish in the B3 cases. For small Q values in the A1 cases
the electrostatic potential on the horizon of extreme BHs behaves as
Φe(Q→ 0) ∼ Φ(0, 1)
√
Q. (60)
In the UVD cases the same expressions (58) and (59) hold, with the replace-
ments q → p, α2 → α1, γ2 → γ1 and µ2 → µ1 (excepted in cases with
p = −1, where logarithmic dependence arises, but does no modify the be-
haviours described here). Now, Φe(Q) vanishes at Q = 0 with divergent slope
for −2 < p ≤ −1 cases, takes a finite value there (=
√
8π/α1) if p = −2 and
exhibits a vertical asymptote if p < −2 (see figure 10).
In the A2 cases the integration of Eq.(9), together with (45)-(46) lead, for
σ < 2, to
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Fig. 9 Qualitative behaviour of Φ(rh, Q) as a function of Q at constant rh, for small and
large values ofQ, deduced from the scaling law (52) for theA2 cases (main frame) and for the
UVD and A1 cases (small frame). As Q→ 0 the form of the constant-rh curves is governed
by Eq.(57), deduced from the asymptotic behaviour of E(rh →∞, Q) (B-cases). The upper
curve in the main frame (Φ =
√
QΦ(0, 1)) gives the behaviour of the potential on the horizon
of the BPs (rh = 0) for Q ≤ Qc in the case A2. The large-Q shapes of the constant-rh
curves are determined by the central behaviours of the field E(rh → 0, Q). In cases A2
these curves behave asymptotically as parabolic branches, parallel to the upper parabola
(see Eq.(54)). The asymptotic shapes of the A1 and UVD curves depend on the degree
of divergence of the field r = 0 (see Eqs.(55) and (56)). The form of the dashed pieces of
constant rh curves, matching the small and large-Q regimes, depends on the particular model
but must be always monotonically increasing. In fact, the thermodynamically meaningful
region, where the external horizons are present, lies under the rh = 0 curve for Q < Qc and
the line of EBH solutions for Q > Qc in the A2 cases. For the A1 and UVD cases this
region lies under the line of EBHs, which is calculated in the text for the different cases. It
is qualitatively represented in the main frame for Q & Qc in a particular A2 model with
σ > 1 (dashed-dotted line). The small-Q, Q & Qc and large-Q behaviours of these EBH
curves defining those upper boundaries are plotted in Fig.10) for all possible cases.
Φe(Q→ Qc) ∼
√
Q
[
Φ(0, 1)− ω
(
1− Qc
Q
)1/σ]
, (61)
where
ω = 8πa1+1/σ
(
2− σ
2b0
)1/σ
, (62)
whereas for σ > 2 we obtain
Φe(Q→ Qc) ∼
√
Q
[
Φ(0, 1)− 8π
√
2a3
ϕ(a2)
√
Q−Qc
]
. (63)
The derivative of Φe(Q) can be directly obtained from Eq.(53) and (40) in
the general case and reads
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dΦe
dQ
=
1
2Q
(
Φe − Ee
rheϕ(E2e )
)
. (64)
This equation allows the calculation of the slope of the extreme BH curves
around Qc, which is positive and finite in the cases σ < 1, finite positive, null
or finite negative if σ = 1 and negative divergent if σ > 1. All these features
are displayed in figure 10.
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Fig. 10 Behaviours of the potential on the horizon of the extreme BHs (Φe(Q)) for small
values of Q (in the A1 and UVD cases), large values of Q (in the B cases) and Q & Qc (in
the A2 cases). See the discussion in the text for details.
As already mentioned, the function Φe(Q) involves the two thermodynam-
ically conjugate state variables Φ and Q, and defines a vanishing temperature
“isotherm” of the set of BH states associated to a given model (see equation
(37) and the extremality condition (31)). Thus the analysis of these curves can
reveal the presence of van der Waals-like first-order phase transitions. This re-
quires, as a necessary condition, the existence of some values of the charge for
which the slope of Φe(Q) vanishes. Thus, the search for zeroes of (64) is a first
step in the identification of such transitions. A glance to figure 10 shows that
these special values of the charge must be necessarily present for models be-
longing to families with A1 or UVD central behaviour (with −2 < p < 0) and
B3 asymptotic behaviour. The same arises for models belonging to the UVD
(with p < −2) and B1 families, or for those belonging to A2-B1 families with
σ > 1. Other interesting cases are the models belonging to the A2-B2 family
with σ > 1, when the condition
Φ(0, 1) < 8π
√
2a
α2
(65)
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holds. But, beyond this necessary condition, the confirmation of the presence
of such phase transitions in a given model requires the simultaneous analysis
of the Gibbs free energy, defined as
G =M −QΦ− TS = rh −M
2
(66)
for each set of extreme BHs. Similar methods have been applied to the search
of this kind of phase transitions in the particular case of a Born-Infeld model
in AdS background [33]. A more complete exploration of these issues is in
progress.
4.4 The temperature T (rh, Q)
In analyzing the behaviour of the temperature (37) as a function of rh at
constant Q let us introduce the function
η(rh, Q) =
1
2π
∂M
∂rh
∣∣∣
Q
=
1− 8πr2hT 00 (rh, Q)
4π
= rhT (rh, Q), (67)
or, equivalently,
η(rh, Q) =
1
4π
− 4QE(rh, Q) + 2r2hϕ(E2(rh, Q)), (68)
where the last hand side of Eq.(16) has been used. The derivative of this
function is easily obtained and, as a consequence of the positivity of ϕ, satisfies
∂η
∂rh
∣∣∣
Q
=
1
2π
∂2M
∂r2h
∣∣∣
Q
= 4rhϕ > 0 (69)
Thus η, at fixed Q, is a monotonically increasing function of rh for any admis-
sible G-NED and, owing to the behaviour of ϕ and E as rh →∞, approaches
asymptotically the constant 1/4π. The behaviour of this function is plotted
in figure 11 for representative examples of cases A1 (Euler-Heisenberg) and
UVD (Reissner-Nordstro¨m) for a given value ofQ. The parts of these curves in
the negative η region correspond to the inner horizons and must be discarded
for the thermodynamical analysis. The straight lines drawn from the origin
to the points of these curves in the positive η region have slopes tan(θ) = T ,
which define the corresponding temperatures. Since these curves are continu-
ous, monotonically increasing and approach asymptotically the constant value
η = 1/4π for any Q, there is always an absolute maximum value of the an-
gle θ. Thus, the temperature ranges from zero, on the cut points with the rh
axis (corresponding to the extreme BH configurations), to a maximum value
Tmax, corresponding to an angle θmax in Fig.11. This maximum (and, eventu-
ally, other local extrema of the curve) corresponds to BH configurations whose
horizon radii are solutions of the equation
∂T
∂rh
∣∣∣
Q
=
4r2hϕ− η
r2h
= 4ϕ− T
rh
= 0. (70)
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Fig. 11 Behaviour of η(rh , Q) as a function of rh and a fixed value of Q for the UVD
(RN) and A1 (EH) cases. The slopes of the dashed straight lines matching the origin with
the points of the η curves give the temperatures of the associated BH configurations. The
η = 0 points correspond to vanishing temperature EBH configurations. The associated
temperature behaviours are plotted in the small frame.
which results from Eqs.(67)-(69). Moreover, from Eq.(67) and the asymptotic
behaviour of the energy density in the B-cases it is easily seen that the tem-
perature vanishes as
T (rh →∞, Q) ∼ 1
4πrh
→ 0, (71)
for any large mass BH (this behaviour is related to the asymptotically Schwarzschild
character of these space-times). The BH temperature as a function of rh at
fixed Q is plotted in the small frame of figure 11. The slope of this curve is
given by the derivative defined in Eq.(70). The temperature as a function ofM
has a similar shape, but the slope of the T −M curve, obtained from Eqs.(67)
and (70), reads
∂T
∂M
∣∣∣
Q
=
4rhϕ− T
2πr2hT
, (72)
and diverges for the extreme BH configurations. Owing to the convex character
of the curves η(rh, Q) in the particular cases of figure 11 there are at most two
cut points with the radial lines for T < Tmax or, equivalently, there are at
most two roots of Eq.(70) in these cases. However, in more general cases, the
sign of the curvature of η(rh, Q) at constant Q can change many times as rh
increases, leading to many cut points with the radial lines or, equivalently,
to many solutions of equation (70). Let us illustrate this behaviour with a
particular example. Consider a family of NEDs whose ESS solutions are of the
form
E(r,Q) =
1
R2
+
αRn
(β +Rn)
2 , (73)
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where R = r/
√
Q, the parameter Q being the charge associated to a given
solution and α > 0, β > 0 and the integer n ≥ 2 being fixed constants for a
given model of the family. These fields are monotonically decreasing functions
of r if the parameters fulfill the (sufficient but not necessary) condition
α <
6
n+ 2
β(1−
1
n), (74)
and correspond to the ESS solutions of charge Q associated to a family of
admissible NEDs whose Lagrangian densities are parameterized by the con-
stants α, β and n. The form of these Lagrangian densities can be directly
obtained from Eqs.(6) and (73) through a quadrature. Owing to the central
and asymptotic behaviour of the fields, the family belongs to the UVD-B2
cases (as the Maxwell Lagrangian). The form of this field is plotted in the
upper small frame of Fig.12 for the model with the particular choice of the
parameters n = 4 and α = 1/β = 1/5.2, satisfying the condition (74), and
for the characteristic value of the charge Q = 1. In the same figure we have
plotted the corresponding function η(rh, Q) and the associated temperature
T (rh, Q) (lower small frame). As can be seen there are in this example three
solutions of Eq.(70) corresponding to a local maximum, a local minimum and
an absolute maximum in the T − rh diagram. Because of the monotonic re-
lation between rh and M , a similar behaviour must be obtained in a T −M
diagram, where the slope of the temperature decreases from +∞ at the ex-
treme BH configuration and vanishes on the first local maximum, defining a
stable phase in this range. In the intermediate region between the local mini-
mum and the absolute maximum, this slope becomes again positive, defining
a second thermodynamically stable phase there. For increasing values of n in
the family (73) the number of solutions of Eq.(70) increases, and new ranges
of rh between extrema support stable phases. We conclude that for models
whose ESS black hole solutions belong to cases UVD and A1 (with any B-
type asymptotic behaviour) the temperature increases always from zero, for
the extreme BH configurations, and vanish asymptotically for large mass BH
configurations, as for the RN black holes. In the range of intermediate masses
the temperature has always an absolute maximum and can exhibit a set of
local extrema, determining a more or less involved phase structure, which is
fully characterized by the solutions of Eq.(70).
The behaviour of the temperature as a function of the charge at constant
rh can be analyzed from its scaling law
T (rh, Q) =
1−Q
4π
√
QRh
+
√
QT (Rh, Q = 1), (75)
(Rh = rh/
√
Q) which can be directly deduced from Eq.(68) and the first
integral (6). From this equation we obtain the derivative
∂T
∂Q
∣∣∣
rh
= −4E(rh, Q)
rh
, (76)
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Fig. 12 Behaviour of the curve η(rh, Q) as a function of rh for BHs obtained from the
gravitating field of Eq.(73), whose profile is shown in the small upper frame. Note that the
change in the sign in the curvature of the field leads to the existence of up to three radial
straight lines tangent to the curve η(rh, Q), which define an absolute maximum and two
local extrema of the associated temperature curve (small lower frame).
which is negative for any Q > 0 and vanishes at Q = 0, where the temper-
ature reaches the Schwarzschild value T = (4πrh)
−1. Figure 13 displays the
temperature as a function of the charge at different rh values for the case of
field solutions E(r) with monotonic slope (Born-Infeld here, as representative
of A2-B2 cases).
0 QC 0.2 0.4
Q
0.2
0.4
T
Fig. 13 Behaviour of T (rh, Q) as a function of Q at constant rh for the Born-Infeld model,
as representative of the A2 cases. The set of EBH states lies on the Q axis for Q > Qc
.
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4.5 The cases A2 and the black points
Although the validity of the analytic discussion of the precedent subsection is
general, it has been applied there mostly to the thermal behaviour of BH solu-
tions of UVD and A1 families only. Let us discuss here the cases A2, which
lead to more involved (and richer) thermodynamic structures. The method
used in determining the behaviour of the temperature as a function of the
horizon radius (or of the mass) at constant Q still holds, but in this case
the functions η(rh, Q) exhibit new characteristics which lead to configurations
with qualitatively new thermodynamic properties. The main difference with
the previous cases concerns the behaviour of these functions as rh → 0, which
defines the black point configurations. To address this question let us go to
the next order in the polynomial expansion (9) of the field solutions of a given
A2 model around the center, which can be written as
E(r) ∼ a− b(Q)rσ + c(Q)rλ = a− b0Rσ + c0Rλ, (77)
(R = r/
√
Q). Here λ > σ and Qλ/2c(Q) = c(Q = 1) = c0 is a universal
constant of the model. From Eq.(68) we see that the behaviour of η(rh ∼ 0, Q)
can be obtained from Eq.(77) and the behaviour of ϕ(rh, Q) ≡ ϕ(E2(rh, Q))
near the black point configurations (rh ∼ 0). Using (77) and the first integral
(6) we are led to
ϕ(rh ∼ 0, Q) ∼ 2Q
[
λc(Q)
λ− 2 r
λ−2
h −
σb(Q)
σ − 2 r
σ−2
h
]
+∆, (78)
if σ, λ 6= 2. When λ = 2, ϕ behaves as
ϕ(rh ∼ 0, Q) ∼ 2Q
[
2c(Q) ln(rh)− σb(Q)
σ − 2 r
σ−2
h
]
+∆, (79)
and if σ = 2
ϕ(rh ∼ 0, Q) ∼ 2Q
[
λc(Q)
λ− 2 r
λ−2
h − 2b(Q) ln(rh)
]
+∆. (80)
In these equations the constants ∆ are independent of the particular solution.
If σ > 2 they are given by ∆ = ϕ(a2) > 0. Otherwise they can be explicitly
calculated from the form of the Lagrangians, as functions of the exponents
σ < 2, λ and the associated universal coefficients in the polynomial expansion
of the field around the center (this may require to go beyond the order of the
expansion in Eq.(77)). The corresponding expression for the A2 cases with
σ < 2 and λ > 2 is
∆ = lim
X→a2
[
ϕ(X)− 2σb
2/σ
0
2− σ (a−
√
X)
σ−2
σ
]
. (81)
while for σ = 2 we have
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∆ = lim
X→a2
[
ϕ(X) + 2b0 ln(a−
√
X)
]
. (82)
The expression of∆ becomes more involved when λ and some of the next-order
exponents in the polynomial expansion of E(r ∼ 0) are smaller than two, but
its calculation remains straightforward.
Equations (77)-(82) replaced in (68) give the form of η for the small radius
black holes in the different A2 cases. For the black points (rh = 0), η takes
always the finite value
η(rh = 0, Q) = 4a(Qc −Q) (83)
which vanishes for extreme BPs (Q = Qc) and is positive for non-extreme
BPs (Q < Qc). If Q > Qc, the small values of rh(< rhe) correspond to inner
horizons, for which η(0, Q) < 0 does not define a meaningful temperature (see
Fig.14). Obviously, for non-extreme BPs the temperature diverges in all cases,
but the temperature of the extreme BPs is now dependent on the value of
the parameter σ of each A2 model. Indeed, from the expansions of η at small
rh in the different cases we are led to the several possible expressions for the
temperature of the small-radius BHs:
If σ, λ 6= 2 we have
T (rh → 0, Q) ∼ η(rh → 0, Q)
rh
∼ 1−Q/Qc
4πrh
− 8Qb(Q)
σ − 2 r
σ−1
h
+
8Qc(Q)
λ− 2 r
λ−1
h + 2∆rh. (84)
If σ = 2, we have
T (rh → 0, Q) ∼ η(rh → 0, Q)
rh
∼ 1−Q/Qc
4πrh
+
8Qc(Q)
λ− 2 r
λ−1
h
+ 4Qb(Q)rh(1− 2 ln(rh)) + 2∆rh, (85)
and if λ = 2,
T (rh → 0, Q) ∼ η(rh → 0, Q)
rh
∼ 1−Q/Qc
4πrh
− 8Qb(Q)
σ − 2 r
σ−1
h
− 4Qc(Q)rh(1− 2 ln(rh)) + 2∆rh. (86)
In all these expressions the first term dominates if Q 6= Qc, in agreement
with Eq.(83). For the extreme BPs the temperature is given by the slope of
η(rh, Qc) in rh = 0 and is null if σ > 1, finite if σ = 1 or divergent if σ < 1
(see Fig.14).
It is now evident that the temperature behaviour in case A2a (η(0, Q >
Qc) < 0) is similar to the ones of the cases UVD and A1 (see the small frame
of Fig.14), exhibiting an extreme BH configuration with vanishing temperature
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Fig. 14 Small and large rh behaviour of η(rh , Q) at constant Q for the A2 cases. The
three beams formed by continuous pieces of curves at small rh correspond to the three
subcases defined by the values of the charge Q R Qc. For each beam the three curves
correspond to different values of the parameter σ R 1, exhibiting different slopes (vanishing,
finite, or divergent, respectively). The asymptotic behaviour of these curves is obtained
from Eqs.(68), (8) and (11) and is also displayed with pieces of continuous lines at large
rh. As in the previous cases (A1 and UVD), the form of the dashed lines (intermediate
region) depends on the particular model and can exhibit more involved shapes than the ones
displayed in this plot. The small plot exhibits the form of the temperature for the BI model
(for which σ = 4) for several values of Q. Note that the temperature of the EBPs (cases
A2c, with Q = Qc) is given by the slope of the corresponding curve at rh = 0 and vanishes
in models with σ > 1, takes a finite value in models with σ = 1 and diverges in models with
σ < 1. The temperature of the non-extreme BPs (A2b cases, for which Q < Qc) is always
divergent.
at finite rh, vanishing temperature BHs for large rh, an absolute maximum
temperature BH and (depending on the particular model) many possible BH
configurations corresponding to local extrema of T for some values of rh (or
M), which define stable phases in some intermediate ranges. This behaviour
is qualitatively independent of the values of the parameter σ.
In case A2b (η(0, Q < Qc) > 0) there is a continuous spectrum of single-
horizon BHs, whose radii increase from rh = 0 (whenMBP = ε(Q) = Q
3/2ε(Q =
1), corresponding to a non-extreme black point; see figure 2) to rh → ∞ as
M →∞. In these cases the temperature diverges for the black points and van-
ishes asymptotically for large mass BHs. In the intermediate region, depending
on the structure of the ESS fields, the temperature can exhibit local extrema
defining ranges of stability, as in the example (73). Again, this behaviour is
qualitatively independent on the values of the parameter σ.
In caseA2c we have also a BH spectrum going from rh = 0 (corresponding
now to an extreme black point) to rh → ∞. The mass of the extreme BPs
equals the soliton energy and can be written as
MBPextr = Q
3/2
c ε(Q = 1) =
Φ(r = 0, Q = 1)
96(πa)3/2
, (87)
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σ < 1 σ = 1 1 < σ ≤ 2 σ > 2
T (rh = 0) +∞ 2b0√pia 0 0
−∞(c0 > 0, λ ≤ 2)
∂T
∂rh
|rh=0 −∞ +∞(c0 < 0, λ ≤ 2) +∞ 2∆
2∆(λ > 2)
c0 · ∞(λ < 3) −∞(2 < σ < 3)
∂2T
∂r2
h
|rh=0 +∞ 64c0
√
pia(λ = 3) −∞ −64b0
√
pia(σ = 3)
0(λ > 3) 0−(σ > 3)
0−(λ < 3,∆ = 0)
CQ,rh=0 0
− b0
16ac0
(λ = 3, ∆ = 0) 0+ 0+
+∞(λ > 3,∆ = 0)
0 ·∆
Table 2 Thermodynamic behaviour for extreme BPs (rh = 0 and Q = Qc). See Eqs.(77)-
(82) for the meanings of the parameters.
where the last term is obtained from Eqs.(21), (35) and (38), and is a universal
relation for A2 models. The thermal behaviour of the extreme BPs for the
different models is characterized by the values of the parameters σ and λ and
can be directly obtained from Eqs.(84)-(86) and their rh derivatives:
– For models with σ < 1 the temperature diverges for the extreme BPs,
exhibiting a vertical asymptote at rh = 0.
– For models with σ = 1 the temperature of the extreme BP takes the finite
value (see Eq.(84))
T (rh = 0, Qc) = 8Qcb(Qc) =
2b0√
πa
, (88)
which is a universal constant for each A2 model. The slope of the tem-
perature curve at vanishing rh diverges for λ ≤ 2, being ∓∞ for c0 ≷ 0,
respectively. For λ > 2 this slope is 2∆, which is finite. Here the sign of ∆
determines the stability of the BPs.
– For models with 1 < σ ≤ 2 the temperature of the BPs vanishes and its
slope at rh = 0 is always positively divergent.
– For models with σ > 2 the black point temperatures vanish and the slope
of the temperature curves at the origin is 2∆ > 0.
A similar analysis of the second derivatives of the temperature with re-
spect to rh, obtained from equations (84)-(86), give us the concave or convex
character of the T − rh curves for configurations around the BPs. A summary
of these results for the extreme BP solutions in this A2c cases is given in table
2.
4.6 The specific heats CQ(rh, Q)
The specific heat at constant charge of the BH configurations is defined as
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CQ(rh, Q) =
∂M
∂T
∣∣∣
Q
=
∂M
∂rh
∣∣∣
Q
∂T
∂rh
∣∣∣
Q
=
2πη
∂T
∂rh
|Q
, (89)
and we see that, as a function of rh or M , diverges on the relative extrema of
the temperature function, exhibiting there vertical asymptote. From Eqs.(67)
and (68) we obtain the general formula
CQ(rh, Q) =
2πr2hT
4rhϕ− T , (90)
and eliminating the Lagrangian function ϕ in terms of the temperature and
the field we are led to
CQ(rh, Q) =
4π2r3hT
2πrhT + 16πQE − 1 . (91)
We see from this last expression and the asymptotic behaviour of T , given by
Eq.(71), that the specific heat of large mass BH solutions of any admissible
B-type model behaves as
CQ(rh →∞, Q) ∼ −2πr2h → −∞, (92)
as should be expected from their asymptotically Schwarzschild character. The
slope of CQ as a function of rh reads
∂CQ
∂rh
∣∣∣
Q
= 2πrh +
4πrhT
4rhϕ− T
[
1− 4Q
dE
drh
+ T/2
4rhϕ− T
]
. (93)
Using the asymptotic behaviours of the different functions in this formula for
the B-cases we see that for large-rh BHs this derivative diverges as −4πrh,
consistently with the asymptotic behaviour of CQ in Eq.(92).
For the extreme BHs associated to the cases UVD, A1 and A2a we have
η = T = 0 and ∂T∂rh
∣∣
Q
= 4ϕ > 0 (see Eq.(69)). Consequently CQ;extr = 0 for
any extreme BH configuration of admissible models. The slope of the specific
heat as a function of rh, given by Eq.(93), converges to the value
∂CQ
∂rh
∣∣∣
Q;extr
= 2πrhe, (94)
for the extreme BHs of any admissible model. The slope of the specific heat
as a function of the mass is obtained from Eq.(93) as
∂CQ
∂M
∣∣∣
Q
=
∂CQ
∂rh
∣∣∣
Q
∂M
∂rh
∣∣∣
Q
=
1
2πrhT
∂CQ
∂rh
∣∣∣
Q
, (95)
and diverges in the extreme limit as 1/T .
Thermodynamic analysis of black hole solutions in gravitating nonlinear... 35
Let us analyze now the specific heats of the BP configurations discussed
above. Using Eq.(91) and replacing there the expressions (84) and (77) for the
expansion of the temperature and the field around rh ∼ 0 we are led to
CQ(rh ∼ 0, Q) ∼ N
D
(96)
where
N = 2π
(
1− Q
Qc
)
r2h +
64π2Qb(Q)
2− σ r
σ+2
h +
+
64π2Qc(Q)
λ− 2 r
λ+2
h + 16π
2∆r4h (97)
and
D =
(
Q
Qc
− 1
)
− 32π(σ − 1)Qb(Q)
σ − 2 r
σ
h +
+
32πQ(λ− 1)c(Q)
λ− 2 r
λ
h + 8π∆r
2
h, (98)
which is valid for σ, λ 6= 2. It is straightforward to obtain two similar expres-
sions for the cases σ = 2 and λ = 2 from Eqs.(85) and (86). The analysis of
these equations leads immediately to the following conclusions:
– The specific heats vanish for any non-extreme BP (A2b cases, Q < Qc),
behaving as
CQ(rh → 0, Q) ∼ −2πr2h → 0−, (99)
for small horizon radius BHs.
– For extreme BPs (A2c cases, Q = Qc) in models with σ > 2 the specific
heats vanish, behaving as
CQ(rh → 0, Qc) ∼ 2πr2h → 0+, (100)
for small horizon radius BHs.
– For extreme BPs in models with 1 < σ ≤ 2 the specific heats vanish,
behaving as
CQ(rh → 0, Qc) ∼ 2π
σ − 1r
2
h → 0+, (101)
for small horizon radius BHs.
– For extreme BPs in models with σ < 1 the specific heats vanish, behaving
as
CQ(rh → 0, Qc) ∼ 2π
σ − 1r
2
h → 0−, (102)
for small horizon radius BHs.
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– For extreme BPs in models with σ = 1 the dominant terms in the expres-
sion of the specific heat of small radius BH configurations reduce to
CQ(rh → 0, Qc) ∼ 2πb(Qc)(λ − 2)rh
c(Qc)(λ− 1)rλ−2h + 4πa(λ− 2)∆
, (103)
when λ 6= 2 and
CQ(rh → 0, Qc) ∼ 2πb(Qc)rh
c(Qc) ln(rh)
=
√
π
a
b0rh
2c0 ln(rh)
→ 0, (104)
when λ = 2. As easily seen, the specific heats of extreme BPs in these
σ = 1 cases vanish, excepted for models with λ ≥ 3 and ∆ = 0, as we
shall see at once. If λ = 2, CQ behaves for small horizon radius BHs as
in Eq.(104), where the sign near zero is given by that of the coefficient c0.
This behaviour is not dependent on the value of ∆. For λ > 2 and ∆ 6= 0,
the specific heat of small-rh BHs behaves as
CQ(rh → 0, Qc) ∼
√
π
a
2b0rh
∆
→ 0, (105)
where ∆ determines now the sign of the approach to zero. For 1 < λ < 2
the specific heat behaves as
CQ(rh → 0, Qc) ∼ 2πb0(λ− 2)
c0(λ− 1) (16πa)
λ−1
2
r3−λ
h → 0, (106)
which vanishes with the opposite sign of c0 and is not dependent on the
value of ∆. Finally, for models with ∆ = 0 the expression (106) of CQ
remains valid for any value of λ 6= 2. In these cases we can have extreme
BP solutions with finite specific heat
CQ(rh = 0, Qc) =
b0
16ac0
, (107)
if λ = 3, besides models with divergent specific heat extreme BPs if λ > 3.
In the last line of table 2 we have included these results on the possible
behaviours of the specific heats for extreme black point solutions associated to
the family of A2-type gravitating NEDs. This discussion exhausts the possible
thermodynamic structures of the G-ESS black hole solutions of admissible
NEDs minimally coupled to gravity.
4.7 Some examples
In order to illustrate different points of this analysis let us consider some
particular examples belonging to the different families of admissible models.
The thermodynamic properties of the Reissner-Nordstro¨m solution of the
Einstein-Maxwell field equations are representative of the typical behaviour of
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the small-radius BH solutions of the UVD family. Although the gravitating
counterpart of this NED has been extensively analyzed in the literature (see
[14] and references therein) let us mention a few of its features, owing to this
representative character. We have already make use of this example in the
small frames of figures 3 and 11 representing the generic behaviour of the
mass and temperature as functions of the BH radius for this kind of solutions.
We have also displayed the temperature and the specific heat as functions
of the mass and of the horizon radius in figure 15. The explicit expressions
for these variables in the RN case are straightforwardly obtained from the
formulae of the precedent analysis and lead to the expected thermodynamical
behaviour for the small and large horizon radius BHs of the UVD-B2 cases.
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Fig. 15 Behaviour of the temperature and specific heat as functions of rh andM at constant
Q for the RN BH solutions. The specific heats exhibit vertical asymptote on the maxima
of the temperature curves. The slope of the temperature as a function of M diverges for
EBH configurations. The small frames expand the detail of the CQ curves around these
EBH solutions (see Eqs.(93) and (95)). The dashed lines show the same functions for the
Schwarzschild BHs.
As a representative example of the A1 family let us consider the Euler-
Heisenberg effective model of quantum electrodynamics [6,9], whose gravi-
tating counterpart has been analyzed in Ref.[34]. As discussed in the intro-
duction, this is an effective model accounting (to leading order) for screening
effects of the Dirac vacuum on electromagnetic wave propagation. The inter-
est on this model in the present context is related to the possibility of explore
modifications induced by quantum corrections of the electrostatic field on the
gravitational field generated by point-like charges (which, in absence of these
corrections is described by the Reissner-Nordstro¨m BH solutions). The La-
grangian in this case reads [6]
ϕ(X,Y ) =
X
2
+ µ
(
X2 +
7
4
Y 2
)
, (108)
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µ being a positive constant. The ESS field solution E(R) is the unique positive
root of the equation
2µE3 +
E
2
− 1
R2
= 0. (109)
(R = r/
√
Q). As easily seen, this field behaves at the center and asymptotically
as
E(R→ 0) ∼ 2µ−1/3R−2/3 →∞
E(R→∞) ∼ R−2 → 0, (110)
and the model belongs to the A1-B2 family, whose ESS solutions in flat space
are of finite energy [8]. The temperature of the BH solutions of this model, as
a function of rh, can be obtained from Eq.(68) in terms of the root of (109) as
T (rh, Q) =
1
4πrh
− 3
√
Q
E
rh
+
rh
2
√
Q
E2, (111)
and the expression for the specific heat results directly from Eq.(91).
The mass as a function of rh for several values of Q has been plotted in
figure 3 for this EH model (main frame), where also the behaviour of the RN
model is displayed (small frame). The only qualitative difference between both
models arises on the small-rh region, where the EH model leads to one-horizon
BH solutions for masses over the total electrostatic energy (M > ε(Q)). In the
thermodynamically pertinent regions in these figures, which lie between the
(dotted) lines of extreme BHs and the (dashed) line of Schwarzschild BHs, the
behaviour of the BH masses versus rh are qualitatively the same. Moreover,
the behaviours of the functions η(rh) and T (rh) at fixed Q for these models
(plotted in figure 11) as well as the behaviour of the specific heats (plotted
in figure 15 for the RN model) are also similar. These results illustrate the
qualitative similarity of the thermodynamic properties of the BH solutions of
UVD and A1 families near the extreme BH configurations.
A first representative example of the A2 family is the well known Born-
Infeld model [4]. As mentioned in the introduction, this model is a nonlinear
generalization of classical electrodynamics which avoids the problem of the
divergent self-energy of point-like charge solutions. Moreover, BI-like models
arise as effective gauge field theories in the low-energy regime of string theory
[3]. Besides their use in the study of black hole physics [20,21] they have
found applications in cosmological contexts [5]. The corresponding Lagrangian
density reads
ϕ(X,Y ) =
1−
√
1− µ2X − µ44 Y 2
µ2
, (112)
where 1/µ is the maximum field strength. When µ → 0 in Eq.(112), the
Maxwell Lagrangian (ϕ = X/2) is recovered. The ESS solutions corresponding
to model (112) take the form
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E(R,Q) =
2√
R4 + 4µ2
; (R = r/
√
Q). (113)
The expansion of these solutions around r = 0
E(R,Q) =
1
µ
− R
4
8µ3
+
3R8
128µ5
; (R = r/
√
Q). (114)
gives the values of the maximum field strength a = 1/µ, the coefficients b0 =
a3/8, c0 = 3a
5/128 and the exponents σ = 4 and λ = 8 (see Eq.(77)). The
constant∆ in the expansion (78) of the Lagrangian density is now∆ = 1/µ2 =
a2.
The expression of the BH temperature as a function of rh and Q is obtained
from the equations (68), (112) and (113) and reads
T (rh, Q) =
1
4πrh
+
2rh
µ2
(
1−
√
1 +
4µ2Q2
r4h
)
, (115)
which behaves as
T (rh → 0, Q) ∼ 1−Q/Qc
4πrh
, (116)
for small radius BHs. So we recover the results of the precedent analysis on the
temperature of the BH configurations close to the extreme (Q = Qc) and non-
extreme (Q < Qc) BPs, described by equation (84). For values of the charge
Q > Qc (A2a cases) the radii of the extreme BH configurations as functions
of Q, obtained from Eq.(31), take the form
rhe(Q > Qc) = 4πQ
√
1−
(
Qc
Q
)2
(117)
and, as expected, the temperature (115) vanishes for these configurations.
Similar considerations can be done for the behaviour of the specific heat,
which results directly from Eqs.(91), (113) and (115). For small radius BHs
the behaviour of CQ is obtained from these formulae or, alternatively, from
Eq.(99) in case A2b or from Eq.(100) in case A2c, once the characteristic
parameters of the model have been fixed.
Figure 16 shows the behaviour of the temperature, for these BI black holes,
as a function of rh for several values of the charge, corresponding to the cases
A2b (two upper curves), A2a (lower curve) and A2c. We have also plotted
the behaviour of the specific heats for the two A2b cases and the A2c case.
The A2 models with σ = 1 lead to new thermodynamic behaviours. In
particular, the temperature of the extreme black points becomes now finite.
Let us give two examples of these cases, which are constructed by convenience,
since they are illustrative of the different statements on the state variables
discussed in section 4. The first one corresponds to a family of NEDs defined
through the expression of their ESS solutions, which take the form
40 J. Diaz-Alonso, D. Rubiera-Garcia
0.1 0.2
rh0
0.4
0.8
-0.4
-0.8
CQ
A2bHlowerL
0.1 0.2 0.3
rh0
0.5
1
-0.5
-1
CQ
A2c
0 0.5 1
rh
0.2
0.4
T
0.1 0.2
rh0
-0.4
-0.2
CQ
A2bHupperL
Fig. 16 Behaviour of T (rh, Q) and CQ(rh, Q) as functions of rh for several values of Q
corresponding to the different A2 cases. This plot is obtained from the BI model, as rep-
resentative of the small-rh behaviour of the A2 models with σ > 2. For the temperature
(upper left panel) there are two A2b cases (two upper curves, with Q < Qc), one of them
exhibiting two local extrema (Q . QC) and the other, obtained for lower values of Q, be-
having nearly as the Schwarzschild BH temperature. The limit rh = 0 corresponds to the
divergent-temperature non-extreme BPs. The curve starting at the origin corresponds to the
critical value of the charge and exhibits a EBP there (case A2c). The lower curve, corre-
sponding to Q > Qc (A2a cases) exhibits a behaviour similar to that of the UVD and A1
cases. The associated specific heats are plotted in the other panels: upper right and lower left
panels correspond to the two A2b temperature curves. The lower right panel corresponds
to the cases A2c, with the curve starting at rh = 0, but it is also representative of the cases
A2a if the curve starts on a finite value of rh, corresponding to the EBH configurations.
The vertical asymptote of CQ correspond to local extrema of the temperature.
E(R,Q) =
a− b0R+ c0Rλ
1 +Rµ
, (118)
(R = r/
√
Q) where the exponents λ > 1 and µ > λ + 1, and the positive
constants a, b0 and c0 are to be chosen in such a way that E(R) be positive
and monotonically decreasing everywhere, as required for admissibility. From
Eq.(118) and the first integral (6) we can obtain, through a quadrature, the
expression of the admissible Lagrangian densities supporting these soliton-like
elementary solutions. We shall make the choice a = 1, b0 = 0.2, c0 = 0.1,
µ = 9/2 and two different choices for the exponent λ (λ = 3/2, corresponding
to a B3 asymptotic behaviour or λ = 5/2, corresponding to a B2 asymptotic
behaviour). Both choices lead to admissible models, for which the coefficients
of the expansion of E(R) around R = 0 coincide with those of the numerator of
(118). The two choices for the exponent λ lead to the same value of the extreme
BP temperature but to different behaviours for the temperature of small-radius
BHs (see table 2). For λ = 3/2 < 2 the temperature decreases from its BP
value (= 2b0/
√
πa) with infinite negative slope whereas for λ = 5/2 > 2 the
temperature increases from the same value at rh = 0 with finite slope (= 2∆).
In both cases the specific heats of the extreme BP configurations vanish, as
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CQ(rh → 0, Qc) ∼ −π
3/4b0
c0a1/4
r
3/2
h = −2π3/4r3/2h , (119)
for the model with λ = 3/2, and as
CQ(rh → 0, Qc) ∼
√
π
a
2b0
∆
rh =
2
√
π
5∆
rh, (120)
for the model with λ = 5/2.
Figure 17 shows the behaviour of the temperature as a function of rh at
fixed Q = Qc for both models. Even though this behaviour is similar for
finite horizon radius, the qualitative difference around rh = 0 (extreme BP
configurations) is apparent.
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Fig. 17 Behaviour of T (rh, Q) at constant Q = Qc and for small radius BHs associated
to the fields (118) for two choices of the parameter λ = 5/2 (upper curve) and λ = 3/2
(lower curve) with fixed values for the other parameters (see the text). Note the qualitative
difference in the behaviour of the EBPs, which exhibit both the same finite temperature
but with a finite positive slope for λ = 5/2 and a negative divergent slope for λ = 3/2. The
small frame expands the region of configurations close to the EBPs.
Finally, let us consider a family of models representative of the subclass of
the A2 NEDs satisfying the condition σ = 1, λ = 3 and ∆ = 0. The assumed
form of the Lagrangian for X ≥ 0 is
ϕ(X,Y = 0) =
2
α−
√
X
+
2
α2
(
2
α2
X3/2 −X1/2 − α
)
, (121)
where α is a positive constant parameterizing the family. It is easy to verify
that, as a function of X , at Y = 0, this expression increases monotonically
from ϕ(0, 0) = 0 and exhibits a vertical asymptote at X = α. Its slope at the
origin takes the finite value
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∂ϕ
∂X
∣∣∣
X→0
∼ 2
α3
, (122)
and, consequently, this is a one-parameter family of admissible models belong-
ing to the class A2-B2 (obviously, for X < 0 these Lagrangians should be
properly extended taking into account the admissibility conditions). The gen-
eral ESS solution of these models can be obtained explicitly in terms of the
parameter α and the charge Q by using the first integral (6) and reduces to
solve a quartic algebraic equation. Nevertheless, we are interested here in the
behaviour of the field and the thermodynamic functions near the extreme BP
configurations. By replacing the expression (77) and the derivative of (121)
in the first integral we determine straightforwardly the parameters of the first
terms of the polynomial expansion of the field around the center as
a = α ; b0 = 1 ; c0 = − 5
2α2
; σ = 1 ; λ = 3, (123)
or, equivalently,
E(rh → 0, Q) ∼ α−Rh − 5
2α2
R3h, (124)
(Rh = rh/
√
Q) and we see that α must be interpreted as the maximum field
strength. Moreover, using Eq.(81) we are led to the value∆ = 0 for the integra-
tion constant of the expansion of the Lagrangian around rh = 0. Consequently,
a glance to table 2 shows that the temperature of the extreme BP configura-
tion in these cases is TEBP = 2/
√
πα, the slope of the temperature at rh = 0
vanishes and becomes negative as rh increases, and the specific heats attain,
for the extreme BP configurations, the negative value CQ;EBP = −α2/40.
Figure 18 displays these temperature and specific heat behaviours for the
critical (Q = Qc) configurations, which become atypical in the limit of extreme
BP configurations.
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Fig. 18 Behaviour of T (rh, QC) and CQ(rh, QC) for the model (121). As in the case of
figure 17 the temperature of the EBP configuration is finite, but now its slope vanishes
there.
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5 Finite thermodynamic relations, scaling group and generating
equations
Let us consider now some finite relations arising between the state functions
introduced in the precedent section.
5.1 Generalized Smarr law
In recalculating the derivative of εex with respect to the charge at constant
rh in equation (34) we can use the scaling law of the external energy function
(20) and we are led to the relation
QΦ+ TS =
3M − rh
2
, (125)
or, alternatively,
M =
√
S
9π
+
2
3
(TS +QΦ), (126)
where the dependence in rh has been replaced by dependence in the entropy
S. In the particular case of the RN black hole this expression boils down to
M = 2TS +QΦ, (127)
which is the well known Smarr formula [35]. As another example, for the
NED family defined in Ref.[18] by the Lagrangian density ϕ(X,Y = 0) = Xp
(particularized here to three space dimensions), p being an integer number,
Eq.(126) provides the result
M = 2TS +
QΦ
p
, (128)
which is precisely the Smarr-like law obtained in that reference.
Moreover, it is straightforward to show that the equivalence of (126) and
(127), which requires
V (rh, Q) = QΦ(rh, Q)− 2εex(rh, Q) = 0, (129)
arises only for the ESS black hole solutions of the Einstein-Maxwell model.
This condition is related to the correspondence between the energy content of
the field created by a system of charges at rest and their electrostatic potential
energy, which holds in flat-space Maxwell electrodynamics [36], but not for
general NEDs. Thus, for any admissible G-NED the function V (rh, Q) gives
the deviations from the exact Smarr law, induced by the effect of the nonlinear
self-couplings of the electric field. Owing to the scaling properties (52) and (20)
this function scales as the external energy
V (rh, Q) = Q
3/2V (Rh, Q = 1), (130)
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(Rh = rh/
√
Q) and is fully determined by its characteristic expression for
Q = 1.
We conclude that Eq.(126) is the natural generalization for admissible G-
NEDs of the Smarr formula (127) of the Einstein-Maxwell theory.
5.2 Other finite relations
As already mentioned, the thermodynamical approach regards the ESS black
hole solutions obtained from a given gravitating NED as different states of a
unique system characterized by two state variables, the most immediate ones
being the integration constants M and Q, which arise in the resolution of the
Einstein equations (24). On the other hand, in solving the thermodynamic
problem for a given model, we start with the first integral of the electromag-
netic field equations (6) and we can obtain the state variables as functions of rh
and Q. New state variables can be defined as α = α(rh, Q) and β = β(rh, Q),
where these functions are assumed to be invertible in some pertinent ranges,
leading to
rh = f(α, β) ; Q = g(α, β), (131)
where the functions f and g can be multi-valuated.
The universal scaling laws obtained in section 4 allow to build new finite
relations between different thermodynamic variables, whose form is now de-
pendent on the particular model. Let us write these scaling laws in a new (but
equivalent) form for the main state variables introduced so far. First of all,
the scaling law (7) for the electrostatic field leads to
E(θrh, θ
2Q) = E(rh, Q), (132)
where θ is any positive parameter (which can be a state variable). From Eq.(75)
we obtain for the temperature
T (θrh, θ
2Q) =
1− θ2
4πθrh
+ θT (rh, Q). (133)
From Eq.(48) we obtain for the mass
M(θrh, θ
2Q) =
θ(1− θ2)
2
rh + θ
3M(rh, Q), (134)
whereas for the electrostatic potential on the horizon we obtain, from Eq.(52),
Φ(θrh, θ
2Q) = θΦ(rh, Q). (135)
Let us denote as Γ (θ) (θ > 0) these scaling transformations. From Eqs.(132)-
(135) it is easy to show that the product of two transformations satisfies
Γ (θ1) ∗ Γ (θ2) = Γ (θ1 · θ2). (136)
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Consequently the set of scaling transformations for the thermodynamical state
functions associated to the BH solutions of any admissible G-NED has the
structure of a multiplicative one-parameter group.
From these laws and the identification of θ with different state variables
we can obtain several finite relations whose generic forms are the same for all
models, but involve particular expressions associated to each NED. Let us give
two simple examples. Consider first the function Φ(rh, Q) obtained from the
first integral (6) (after a quadrature) for a particular model. Using the scaling
law (135) with θ = T we are led to
TΦ = Φ
(
T
√
S
π
,QT 2
)
, (137)
where rh has been written in terms of the entropy. In the same way, the explicit
expression of the temperature (67) and the scaling law (133), with θ = Φ, lead
to
TΦ = T
(
Φ
√
S
π
,QΦ2
)
+
Φ2 − 1
4Φ
√
πS
. (138)
These equations, together with the generalized Smarr law (126), allow for the
elimination of two of the five state variables Φ,Q,M, T and S, leading to
different expressions for the “equation of state” of the set of BHs associated
to a given model.
5.3 Generating equations
The universality of the scaling laws allows for a more direct and enlightening
procedure in generating the equations of state of general BH configurations.
These laws lead to finite relations involving the derivatives of the state func-
tions and are also “universal”, in the sense that they are first-order differen-
tial equations whose form is independent of the particular gravitating NED.
The characteristic curves of these equations generate, through properly cho-
sen boundary conditions, surfaces in the space of state variables involved in
the particular scaling law. The points of each one of these surfaces correspond
to BH states associated to a given gravitating NED. As the structure of the
beam of characteristic curves is also universal, this procedure allows for a
separate analysis of some model-independent thermodynamic properties and
those model-dependent behaviours induced by the particular boundary con-
ditions corresponding to each NED. Let us present here a particular example
illustrating the method and some of the expected results.
Using the expression (53) of the Q-derivative of the electrostatic potential
at constant rh and replacing the electrostatic field on the horizon in terms of
the gradient of Φ we are led to
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2Q
∂Φ
∂Q
∣∣∣
rh
= Φ− rh ∂Φ
∂rh
∣∣∣
Q
. (139)
This equation (which can also be obtained directly by derivation of Eq.(135)
with respect to the parameter θ at θ = 1) involves the function Φ(rh, Q) and
its first derivatives with respect to these arguments. It is remarkable because
its “universality”, since it must be satisfied by the solutions of any G-NED, as
a direct consequence of the scaling law (135), which is a universal property for
field theories associated to the action (22). On the other hand, it is independent
of the general laws of thermodynamics, as can be easily checked for other
thermodynamical systems. Thus, the particular forms of the “equations of
state” of the systems of ESS black hole solutions associated to the different
particular models, characterized by the two independent parameters rh and
Q, are solutions of this equation, corresponding to surfaces in the Φ− rh −Q
space. In order to explore further this interpretation, let us write Eq.(139)
under the form
2Q
Φ
∂Φ
∂Q
∣∣∣
S
+
2S
Φ
∂Φ
∂S
∣∣∣
Q
− 1 = 0, (140)
where the horizon radius has been replaced by the entropy as independent
variable. This expression suggests the introduction of the new variables
x = ln(Q), y = ln(S), z = ln(Φ2) (141)
in terms of which the equation takes the form
∂z
∂x
+
∂z
∂y
− 1 = 0. (142)
This is a very simple first-order, linear, partial differential equation whose set
of characteristics is the beam of straight lines parallel to the vector (1, 1, 1) in
the (x, y, z) space. Consequently, the equations of state of the system of ESS
black hole solutions associated to the G-NEDs are represented in this space by
ruled surfaces generated by lines of this beam. In order to choose the particular
surface associated to the system of BH solutions of a particular G-NED we
can solve, for example, the first integral (6) for the characteristic (Q = 1) case
and determine the form of Φ(r,Q = 1) through a quadrature. This defines a
curve z = z(x = 0, y) in the y − z plane, which is a boundary condition for
Eq.(142) (see figure 19) determining a unique surface solution z = z(x, y) in
the (x, y, z) space, generated by the beam of characteristics. In the (Φ,Q, S)
space the parametric equations for the beam of characteristics of (140) read
Q = Q0τ ; S = S0τ ; Φ = Φ0
√
τ , (143)
where τ is the (positive) parameter and Q0, S0 and Φ0 are the coordinates
of the points defining the different curves of the beam, corresponding to a
particular BH configuration. These curves are parabolae having the origin as
a common vertex, where the beam is singular.
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Fig. 19 z = ln(Φ2) versus y = ln(S) curves in Eq.(141) for the RN solution (dashed line)
as compared to the BI and EH solutions, in solid style for some choices of the parameters
and unit charge.
A similar analysis can be carried out from the scaling laws of other state
variables. For example, the scaling law for the temperature (133) leads to the
generating equation
∂T
∂x
+
∂T
∂y
− T
2
+
e−y/2√
π
= 0, (144)
where x and y are the same independent variables defined in Eq.(141). This is a
linear, inhomogeneous, first-order, partial differential equation, generating the
state surfaces T = T (x, y) for the different G-NEDs, once the corresponding
boundary conditions are specified. In the same way, the scaling law for the BH
mass (134) leads to the generating equation
∂M
∂x
+
∂M
∂y
− 3
2
M +
ey/2√
π
= 0, (145)
whose set of solutions contains the state surfacesM = M(x, y) associated with
all the admissible G-NEDs.
These preliminary results require a more detailed investigation of the struc-
tures which lie at the ground of these scaling symmetries and their conse-
quences for the BH thermodynamics. A systematic exploration of this issue is
in progress, but goes beyond the scope of this paper.
6 Conclusions and perspectives
In this paper we have performed a generalization of the well known thermo-
dynamic analysis of the RN black hole solutions of the Einstein Maxwell field
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equations to the BH solutions of any admissible gravitating NED. The exhaus-
tive classification of the admissible NEDs in terms of the central and asymp-
totic behaviours of their elementary solutions in flat space, and the analysis
of the geometric structure of their gravitating counterparts, have been carried
out in references [10] and [11]. There, the asymptotic flatness of any gravitat-
ing ESS solution of these admissible NEDs has been established, regardless
of the asymptotic behaviour of their integral of energy in flat space. When this
integral diverges at large r (always slowly than r, owing to the admissibility
conditions) we are led to the families of asymptotically IRD models, whose
gravitating BH solutions exhibit geometric structures similar to those of the
other models at finite radius, but approach flatness at large r slower than the
Schwarzschild field. For such asymptotically anomalous models the standard
thermodynamic analysis is meaningless, at least in the usual way (undefined
ADM masses and asymptotic divergence of the electrostatic potentials).
For models whose ESS solutions have asymptotically convergent integrals
of energy in flat space (B models) the gravitating elementary solutions behave
as the Schwarzschild field at large r, no matter the asymptotic degree of con-
vergence of these integrals. In such cases the ADM mass of the BH solutions
is well defined, the electrostatic potential can be set to zero asymptotically
and the thermodynamic laws can be consistently established. The thermody-
namic properties of the BH solutions in these cases have been analyzed in
terms of the behaviours of the integral of energy and the field around the
center of the flat space ESS solutions. When this integral (and, hence, the
field) diverge as r → 0 (UVD models) the geometric structures (two-horizons
BHs, single-horizon extreme BHs or naked singularities) and the associated
thermodynamical behaviours are qualitatively similar to those of the Reissner
Nordstro¨m BHs, although the temperature and the specific heats as functions
of the horizon radius (or of the mass) can exhibit more involved behaviours,
related to the more or less involved structure of E(r) in each case. For models
exhibiting finite-energy ESS solutions in flat space and whose electrostatic field
diverges at the center (slower than r−1, A1 models) the associated BHs can
exhibit new geometric features, as compared with the UVD cases (mainly the
existence of non-extreme single-horizon BHs), but the form of the mass-radius
relations and the behaviours outside the event horizon are qualitatively similar
in both cases and hence we are led to similar thermodynamic properties.
For models whose ESS solutions in flat space are finite-energy with finite
maximum field strength (A2 family, to which the Born-Infeld model belongs)
the set of associated gravitating ESS solutions exhibits a richer structure, in-
cluding extreme and non-extreme black points as new possible configurations.
These new configurations have thermodynamic properties which are related
to the behaviour of the electrostatic field around the center. This relation has
been extensively analyzed and, in particular, we have determined the condi-
tions to be satisfied by these A2 models in order to support extreme black
point solutions with zero, finite or divergent temperature. Concerning the non-
extreme black points, their temperature is always divergent.
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We have performed a detailed analysis of the properties of the extremal BH
solutions for the different families. The thermodynamic behaviour of these con-
figurations differ strongly among the different families and suggest the possible
existence of models exhibiting van der Waals-like first-order phase transitions
in the Φ−Q plane.
Once the possible structures and thermodynamic properties of the BH so-
lutions of the different families of admissible NEDs have been determined and
classified, the results of the present analysis allow for the explicit construction
of specific models whose solutions exhibit prescribed behaviours. In this way
we have built some new models as examples illustrating different aspects of
the study carried out here.
From the invariance of scale of the general NED field equations in flat
space, we have established universal scaling laws, satisfied by the thermody-
namic functions defining the BH states of any model. These scaling laws lead to
universal first-order partial differential equations involving sets of three state
variables, whose solutions are surfaces in the three-dimensional spaces defined
by these variables. Each one of these surfaces is generated by the beam of
characteristics associated to the equation. From appropriate boundary condi-
tions we can select the surface solution associated to a particular G-NED. The
points of this surface correspond to the BH states which are the solutions of
this model, and its analytic equation, relating the involved variables, defines
a expression of the “equation of state” of this system of BHs.
To conclude, let us mention some perspectives and possible extensions of
this study:
First, in Ref.[8] we have established that the analysis of the ESS problem
for NEDs in flat space can be extended to the same problem for generalized
non-Abelian gauge field theories of compact semi-simple Lie groups. More
explicitly, we have shown that the ESS solutions of a generalized gauge field
theory, defined by a Lagrangian density of the form (1) (in terms of the usual
gauge invariants with the ordinary trace definition in this non-Abelian case)
have the same functional dependence in r as those of the NED defined by a
Lagrangian density of the same form (in terms of the Abelian gauge invariants).
In this way we have recently communicated some preliminary results on the
extension of the analysis performed here to systems of non-rotating BHs of
non-Abelian origin [37]. A more detailed report on this issue is in progress.
Second, the extensions of the present general analysis (geometric structures
and thermodynamics) to the cases of NEDs coupled to more general actions
for the gravitational field (e.g. with a cosmological constant term, or Gauss-
Bonnet and Lovelock theories) is in progress, a context where some particular
cases of NEDs have been already explored in the literature [26].
Finally, let us stress that a more complete analysis of the scaling symme-
tries and their consequences on the BH thermodynamics is necessary. In par-
ticular, the study of the structures of the beams of characteristics associated
to different generating equations and of the boundary conditions selecting the
equations of state of the BH systems associated with different NEDs, allows for
the exploration of eventual phase transitions, an issue also under development.
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